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Foreword 


MATHEMATICS occupies a key place in the curriculum of our educational system 
in the present age of automation and computers. Its dimensions and domains аге 
relevant to and-cut across almost all disciplines. Therefore, it is absolutely 
necessary these days to acquire an adequate knowledge of mathematics. Our 
National Policy on Education (NPE) 1986 has laid a greater emphasis on the 
education of mathematics right from the school stage. · ^ 

. The Department of Education in Science and Mathematics (DESM) ha: 
redesigned the mathematics curriculum in the light ofthe NPE 1986. The basic 
guiding principle in this task is that the teachir, -f mathematics should take into 
account the environment of the pupil as well as the relevant needs of our 
society. 

The present book has been developed according to the revised curriculum 
by the DESM to meet the objectives of the NPE 1986. The book aims at the 
development of learning by inference from specific examples to help understand 
the basic principles, operations and processes of elementary mathematics. A 
simple and lucid language within the scope of the pupil's vocabulary at this level 
has been used and unnecessary difficult terminology avoided. The concepts have 
been developed through concrete examples from the pupil's environment. 

The detailed planning and coordination for the development of this book 
was done by Dr. Surja Kumari with the assistance of Shri Ishwar Chandra and 
Shri Mahendra Shanker as members of the project team of the DESM. 

The draft materials were developed in a workshop held at the NIE in 
September 1986, and revised and finalized by Dr. Surja Kumari, Shri Ishwar 
Chandra and Shri Mahendra Shanker. This draft was reviewed in a workshop 
held at the NIE in November 1986. The final draft was reviewed by Prof. DK., 
Sinha, Pro Vice-Chancellor, Calcutta University, in a vetting group meeting held 
at Calcutta in January/February 1987. His valuable suggestions, additions and 
deletions of some units of the curriculum were incorporated in the manuscript 
which was finalized for the press. : s 

I record my sincere appreciation of the efforts put in by Prof. D.K. Sinha for 
the final review of the manuscript. I also record my grateful thanks to Dr, Surja 
Kumari, Shri Ishwar Chandra and Shri Mahendra Shanker for their dedication 
and deligence in completing the task assigned to them within the stipulated short 
period. I am grateful to Prof. А.К. Jalaluddin, Joint Director, NCERT, for his 
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valuable guidance and to Prof. B. Ganguly for taking keen interest in the 
development of this book. I am also grateful to other members of the 
Mathematics Group—Prof. K.V. Rao, Prof. S.C. Das, Dr. B. Deokinandan and 
Dr. Ram Autar—for their valuable suggestions and help during the various 
stages of development of this book. 

The Council willbe grateful to students, teachers and other users of this 
book for their reactions and suggestions for improving the book in subsequent 
editions. 


P.L. MALHOTRA 

д i Director. 

New Delhi National Council of Educational 
June 1987 - Research and Training 
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Preface 


Tue National Council of Educational Research and Training has drawn up a 
revised curriculum of mathematics in the light of the National Policy PS 
Education 1986. This curriculum differs from the previous one not only in the 
specific units to be covered in the various classes but also in the emphasis it lays 
on the minimum level of learning at each stage. The present textbook has been 
developed according to the revised curriculum. ; 

This textbook contains five units divided into fourteen chapters. Each unit 
consists of a brief historical note pertaining to various topics covered in that 
unit, highlighting the contributions of Indian mathematicians. Pupils are advised 
to collect some more information about these mathematicians and display their 
contributions in the form of charts. Each chapter ends with a list of things to be 

"remembered by heart so that these can be readily applied to different 
problem-solving situations. 

The book contains a number of suggested activities for better and deeper 
understanding of concepts. Attempts have been made to explain every concept 
in detail so that the motivated pupil can study on his own and be ahead of the 
class. Each chapter contains stimulating exercises including those from the 
application of mathematics to different fields such as commerce etc. A number 
of word problems have been included, which help the pupil to inculcate the 
national values, namely, small family norms, the equality of sex, equal 
opportunities to every caste or creeds etc. Э 

The major emphasis of this book is оп understanding basic mathematical 
ideas which are sometimes obscured by giving stress on the teaching of 
computational techniques and on acquiring and performing these skills 
mechanically. The emphasis in this book is not only on the ‘how’ but on the ‘why’ 
of the mathematical operations also. В 
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UNIT ONE 
ARITHMETIC 


IN OUR DAILY LIFE, we use numbers on different occasions and situations. 
For instance, Sarita gets up at 6 a.m., her school bus number is 22, 
she studies in Class 6, her annual tuition fee is Rs 75, she has 12 
‘notebooks, etc.—these are all examples of uses of number what we 
call counting. Man in ancient days did not know counting but had to 
keep a record of his personal belongings like cattle, trees, etc., and for 
this he had to rely on markings in the form of notches on a tally stick 
or knots in a string. In a way, what he used to do, was to set up a 
one-to-one correspondence between the markings and his belongings 
and thereby he could keep a count of them. 

Sometimes later, a need was felt to invent a better way of 
keeping records and this gave rise to the search for numbers. That is 
how various civilizations developed their own systems, what we call 
numeration. 

The Egyptian system of numeration is found in carvings on 
tombs and monuments. It is almost 5,000 years old. It uses a decimal 
system similar to that of Romans with S symbols for powers 
of 10; 10 is represented by à heel bone N, 100 by a scroll ?, etc. 


system with special signs for larger numbers but 
Maso s of place values stood for 1, V for 5, X for 10, L 
for 50, C for 100, D for 500 and M for 1,000. A smaller symbol on the 
left of a higher one represented subtraction and on the right, 
addition. This system also did not gain favour as it was found 
inconvenient in computations. 
By 300 вс., the ancient Indians had a set of numerals called Brahm 
Sankhyayen but they did not use place value and had no numeral for 
zero. 
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The Hindu astronomer Aryabhatta had a student Bhaskara who 
about A.D. 500 used a place value system that had a symbol for zero. 
The unit’s place’ (one’s place) was at the left instead of right today. 
This was soon changed and gradually the present Hindu-Arabic 
system of numeration developed which is most scientific and 
convenient in reading, writing and has been internationally accepted 
and used. 

The Hindu-Arabic system of numeration, as the name suggests, 
was developed in India. The Arabs took it and made some 
modifications in its numerals. Europeans inherited these numerals in 
modified form from the Arabs. 

This system uses ten symbols—0, 1, 2, 3, 4, 5, 6, 7, 8 and 
9—called digits and any number, howsoever large, can be written 
with the help of only these symbols by means of the place value 
principle. This system has two unique features which make it 
superior to all other systems. First, it introduced the symbol for ‘zero’ 
to express the absence of a quantity which made possible to use the 
place value principle. Secondly, it permits the development of easy 
rules for performing the four fundamental operations. Since this 
system uses ten symbols and makes use of arrangements by tens 
in writing numerals for large numbers, this is also called base-70 or 
decimal system of numeration. 

In this unit we shall study natural (counting) numbers and whole 
. numbers, their operations, properties of operations and extend the 
system of whole numbers to that of integers. 


À 
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CHAPTER ONE 


Review of Work done in 
Earlier Classes 


IN THIS CHAPTER we revise some of the mathematical ideas learnt in 
earlier classes. Let us do this through problems in which we can make 
use of our previous knowledge. 


6. 


EXERCISE 1 


Which of the following stands for ‘five lakh four thousand three’? 
50403 504003 540003 


Write each of the following numbers in words: 
(i) 9905057 (ii) 60050060 


Write each of the following numbers in expanded notation: 
(i) 675028 (ii) 730021 


Counting by thousands write the numbers from 
(i) 7478125 to 7483125 
(ii) 15003216 to 15009216 


Counting by fives write the numbers in reverse order from 
(i) 10000005 to 9999995 
(ii) 5050404 to 5050389 


Find the difference of the place values of two fives in 576 502 


7. Determine the difference between the largest and smallest 5-digit 


numbers. 


14. 


16. 


17. 


18. 
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In each of the following replace * by < or > to make the 
statement true: 
(i) 64231* 321045 
(ii) 3000000 — 1 * 3999999 
(iii) 5009006 + 5006009 
Give the successor of 699999, 
Give the predecessor of 4004000. 
Rewrite in ascending order with proper symbol: 
30303030, 3000333, 33003300, 30030033 
Rewrite in descending order with proper symbol: 
1100111, 1110011, 1101011, 1110202, 1111010 
Find the value of 
(i) 378954 x 889 
(ii) 210459 x 0 
(iii) 70810 x 98 
(iv) 594725 + 550023 + 69120037 + 732981 
(v) 689324 x 59 + 41 x 689324 
(vi) 39568 x 5 + 256935 + 5— 3001 
Using the rules of divisibility state which of the following numbers 
are divisible by 2; by 5: 
(i) 22481 (ii) 15280 (ш) 69435 


Using the rules of divisibility state which of the following numbers 
are divisible by 3; by 9: 

(i) 53421 (ii) 32879 (ш) 462753 
Find the Н.С.Е of each of the following sets of numbers: 

(i) 77, 42, 63 

(ii) 18, 42, 102 
Find the L.C.M. of each of the following sets of numbers: 

(i) 15, 20, 30 

(ii) 66, 75, 130 
The L.C.M. and H.C.F. of two numbers are 720 and 18, 
respectively. If one of the numbers is 90, determine the other. 
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19. In a morning walk, three girls step off together from the 


20. 


21. 


22, 


23. 


24. 


25; 


26. 


same spot. Their steps cover 33 cm, 36 cm and 42 cm, 
respectively. At what distance from the starting point will they 
again step off together? 

For each of the following give the corresponding Hindu-Arabic 


numeral: 
(i) XIX (ii) XXII (ui) XXIV 


Write the corresponding Roman numeral for 
(i) 13 (ii) 18 (iii) 29 


Rewrite in increasing order with proper symbol: 
5 9i 4 3 1 5 


6 24° Bade B 
Rewrite in decreasing order with proper symbol: 
ali uut Na uto 
a 8° 9" 12 18 
Find the value of each of the following in simplified form without 
converting fractions into decimals or vice versa: 


(i) ree date 
Uii wr me 

1 D LS) 
"EL За ЫБ 
(ii) 6 24 31 13 


(iii) 6 — 0.6 — 0.006 — 0.0006 


(iv) 71.4 + 16.6 — 32.08 + 1.005 
Give the result of adding the difference of 3.003 and 2.05 to their 


sum. 
On a festive occasion, out of 21 litres of milk 17.3 litres were used 
in the preparation of sweets and 3.6 litres were useq in th 

preparation of cheese. How much milk was left? ш 


27. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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In school meals 50 kg of rice were consumed daily by students. If 
each student gets 40 g of rice, determine the number of students 
in the school. 
Sheila went to a market with Rs 10. She purchased 6 notebooks 
each costing Rs 1.20 and two pencils each costing 85 paise. What 
amount of money was left with her? 
A student starts for his school at 9.40 a.m. and comes back home 
at 4.15 p.m. Determine the time spent by him in the school if half 
an hour is spent in coming and going. 
Convert each of the following fractions into a decimal: 
Sd E E 

@ 53 G I d). 
Convert each of the following decimals into a common fraction: 

(i) 3.6 (ii) .50 (ш) 1.125 
A train starts from a city on Thursday at 8 p.m. and reaches 
another city on Saturday at 8 a.m. If the distance between the two 
cities is 1692 km, determine the average speed of the train. 
Determine the perimeter and area of a floor whose length and 
breadth are 18m and 15m, respectively. 
Determine the perimeter and area of a square field with side 


63 m. 
Which of the following statements are true and which are false? 
(i) In our system (decimal system) of numeration, there 


are, in all, 9000 4-digit numbers. 
(ii) .1 « .01 


ad. 


(iv) The area of a rectangle remains the same 
doubled and breadth is halved. 
(v) The smallest 4-digit number having exactly three 
different digits is 1012. 
A boy saves 45 paise daily. Find the least number of days in 
which he will be able to save an exact number of rupees. 


if its length is 


р 


REVIEW OF WORK DONE IN EARLIER CLASSES 


91. 


38. 


39. 


40. 


2 
A drum isz full. If 50 litres, more are required to fill it up, 


determine the capacity of the drum. 
In each of the following there are four alternative answers given. 
Point out the correct answer. 
(i) The product of 0.003 and 0.8 is 
(а) 0.24 (Ы) 0.024 (с) 0.0024 (а) 0.00024 
(ii) Which fraction is not equal їо the other three? 


(a) 6 3 6 9 


ЕЕ: — = d = 
10 (b) 5 (c) 9 (d) iz 
(ii) А number is divisible by 18 if it is divisible by 
(a)2and3 (b)3and6 (c)4and6 (d)2and9 
A snail climbs up a vertical stick 12 cm high. Each day it climbs 3 
cm but each night slips 2 cm back. On what day does it reach the 


top of the stick? 
In each of the following, observe the pattern and fill in the blanks: 


(i) 1x9+2=11 
12 x 9 + 3 = 111 
123 x 9 + 4 = 11 
—х9+—=— 
(ii) 1 = ИСИ] 
1+2+1= 2х 2 
1+ 2+3+2+1 = 3 х 3 
++ + +4 س = س م د‎ ×» 


(iii) 1089 x 1 = 1089 
1089 x 2 = 2178 
1089 x 3 = 3267 
1089 x 4 = —— 

(iv) 1x1 = 121 
111 x 111 = 12321 
111 x 1111 = 1234321 


— + — 
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41. After Independence, India made tremendous progress in the field 
of education. Given below is some information about it: 


1950 1982 

Number of middle schools 13,596 1,23,423 
Number of high schools 7,288 52,279 
Number of middle school teachers 85,496 8,56,399 
Number of high school teachers 1,26,504 9,93,115 
Number of pupils in Classes I-V 192 lakhs 770 lakhs 
Number of pupils in Classes VI-VIII 31 lakhs 221 lakhs 
Number of pupils in Class IX 12 lakhs 118 lakhs 


Now, fill in the blanks in each of the following: 


(i) Total number of schools in 1950 was 
(ii) The increase in the total number of teachers from 
1950 to 1982 was Е 
(iii) The number of pupils in Classes I to V is increased by 
more than times. 
(iv) The increase in total number of pupils from Classes I 
to LX from 1950 to 1982 was 


42, In 1981 Uttar Pradesh had 5,88,19,276 males and 5,20,42,737 
females. Of these 2,27,98,451 males and 73,06,809 females were 


literate. 
(a) What was the | 
(i) total population of Uttar Pradesh in 1981? 
(ii) total number of literates? 
) total number of illiterates? 


iii 
Which of the following statements are true? 


^ More than half of the males were illiterate. 
(ii) Less than one-sixth of the females were literate. 


(iii) About one-fourth of the population was literate. 


( 
(b 


| 
| 


CHAPTER TWO 


Natural Numbers and 
Whole Numbers 


2.1 . Natural Numbers 

WHEN WE LOOK at a particular collection of objects, an idea of ‘how 
many in the collection’, comes to our mind. For example, when we look 
at each of the following collections of objects, one common property 
that comes to our mind is the number ‘three’. 


We express this idea of number ‘three’ by writing the numeral ‘3’. In 
the same way we express the idea of number ‘five’ by writing numeral 
‘5’, and so on. 

Different civilizations use different symbols (numerals) to denote the 
same number. The corresponding numerals used by some civilizations 
to denote first ten numbers and hundred are given below: 


Hindu-Arabic 12 3 4 5 6 7 8 9 10 100 
Roman IH IH IV ¥ VI VII VIII IX X c 
Egyptian IH Ш ш ш ШШ ШШ шш ши п 9 
East-Arabic I PP" ¢ 0 4 < > q 10 .100 
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We thus see that a number related to the objects in a collection gives 
an idea of how many objects are there in the collection. 
The numeral is the symbol to denote that number. However, we 
shall not distinguish numbers from numerals hereafter. 
In our daily life we come across statements like 
(i) There are 12 months in a year. 
(ii) There are 26 letters in English alphabet. 
(ii) There are 7 days in a week. 
Each of the numbers 12, 26, 7 in the statements mentioned above 
denotes the number of objects in a particular collection. For example, in 
the first case the collection is ‘year’ and objects are ‘months’ and 12 
denotes the number of months. Similarly, in some other collections the 
number of objects тау be one, two, three, etc. We have already studied · 
these numbers, i.e. 1, 2, 3, 4, 5, . . . in our earlier classes. These are 
called natural numbers. 


2.2 Whole Numbers 
The number ‘0’ together with the natural numbers gives us the numbers 
OF1; 2; 354 pete 

which are called whole numbers. The number zero in our system of 
numeration plays an important role. It can be taken to describe the 
number of elements in a collection with no objects. 

In our system of numeration, any number whatsoever can be written 
with the help of symbols 0, 1,... 9, called digits. 

Thus 0, 1,... 9 in our system serve the following two purposes: 

(i) Each of them represents a number, specifying the number of 
objects in a collection. For example, the number ‘0’ specifies no 
object in a collection, 1 specifies one object in a collection, and 
so on. 

(ii) In a numeral, each of them works as a place holder. If ‘9’ 
occurs in hundred's place, it represents 9 hundred, i.e. 900; if 
‘ occurs in ten's place, it represents 0 ten; 2 occurring in 


thousand's place represents 2000, and so on. 
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2.3 Base and PlaceValue 


When we speak of base 10, we 
simply mean that we are thinking 
of collections (groupings). by tens. 
That is, given a collection of 
objects, we might ask ‘how many 
groups of tens can be formed’. 
Let us, for example, consider the 
collection of dots in Fig. 2.2. 5253 
We see that there are three groups of tens and 4 dots are left over. 
Instead of writing ‘3 groups of tens and 4 more’, we write 34. The digit 
3 in the second place from the right, called ten’s place, represents 3 
groups of 10, i.e. 30. 

When we work with larger numbers, we need to have the collections 


> 
Ree Ф 
Үе 
ЕЕ ad 
SANE = 
КИШЕН SSS 
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pU ШЕ 
ЕЕ F 
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of tens, we follow the same pattern and group these collections of tens 
by tens. We call ten collections of tens as a hundred. We call ten 
collections of hundreds as a thousand. This process continues (see 


Fig. 2.3). 


2.4. Reading and Writing of Numbers 


To write numbers we have the following place value chart popularly 
known as the Indian Place Value Chart. 


Be =3 Ef Gort ae фи абс c 


ки ERE Crore oe Lakh M ae 
crore lakh 2 sand 
со Кош 10000000} 1000000] 100000 | 10000 1000 CHEN 


Numbers are written by using the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8 and 
9 with each symbol getting a value depending on the place it occupies. 
For example, the number ‘four thousand five hundred sixty three’ 
represents a collection of 4 thousands, 5 hundreds, 6 tens and 3 units. 
This is, therefore, written by putting the symbol 4 in thousand's place, 5 
in hundred's place, 6 in ten's place and 3 in unit's place. Thus, this 
number is written as 4563. The expanded form of 4563 is 

` 4000 + 500 + 60 + 3. 

If, in a numeral, a place is vacant, we indicate it by putting а © in 
that place. For example, the number ‘five hundred seven’ has 5 
hun "reds, no .ens and 7 units; it is, therefore, written as 507. 

By convention we do not put a zero in the highest place. In other 
words, we do not put a zero at the extreme left digit of a number. For 
example, the number ‘three hundred twenty-eight’ is written as 328 and 
not as 0328. 

To read numbers conveniently we group place values into periods. 
‘Units’, ‘thousands’, ‘lakhs’, ‘crores’ are periods. The first three digits 
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from the right of a numeral make unit’s period. The next two make 
thousand’s period, the next two as lakh’s period and the next two as 
crore’s period. The digits in the same period are read together and the 
name of the period (except units) is read along with them. Thus, the 
number 17283546 is read as ‘one crore seventy-two lakh eighty-three 
thousand five hundred forty-six’. 

When the numerals are large, sometimes to have a clear look of 
periods, we insert commas after each period. Thus, we write 17283546 
as 1,72,83,546. 

The place value principle remaining the same, most of the countries 
use the place value chart which has different names of periods and 
places beyond thousand's place. Instead of lakhs, crores, etc. as periods, 
they use millions, billions, etc. Given below is the place value chart 
which is being followed by most of the countries of the world and is, 
therefore, referred to as the international system of numeration. 


Ten кы UM кзз ш ed кшш Thou- ET Unit| 
million dred |Thou-| sand 
Thou-|sand 


The number 17283546 in this system will be read as 'seventeen 
milion two-hundred-eighty-three thousand five hundred forty-six'. To 
have a clear look of periods in this system, we shall write this number as 


17,283,546. 


eus. 


Periods—+ 


Determine the difference of the place values of two 8's in 


218564083. 
The place value of 8 in the second place from right, i.e. 


in ten's place — 80. 


Example 1: 


Solution : 


* [n the British system of numeration, a billion equals one million millions, 


Example 2: 


Solution: 


Example 3: 


Solution: 
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Similarly, the place value of other 8 = 8000000. 
The required difference = 8000000 — 80 
— 7999920 


How many 5-digit numbers in all are there in base-10 
system? 
The largest 5-digit number is 99999, The largest 4-digit 
number is 9999, 
Therefore, the total number of 5-digit numbers 

— 99999 — 9999 

= 90000 


Using all the digits 2, 3 and 5 only once write six 
different natural numbers. 

We first put 2 in unit's place and make two natural 
numbers (i) 352 by putting 5 and 3 in ten's and 
hundred's places, respectively, and (ii) 532 by putting 3 
and 5 in ten’s and hundred’s places, respectively. 


Next, we put 3 in unit’s place and get two more natural numbers 253 


and 523. 


Similarly, by putting 5 in unit’s place, we get two other numbers 235 
and 325. Therefore, the required six natural numbers are 


Example 4: 


Solution: 


352, 532, 253, 523, 235, 325 


Write the smallest 6-digit natural number having three 
different digits. 

Three smallest digits are 0, 1 and 2. We know that we 
cannot put 0 (the smallest digit) as the left-most digit of a 
number. Therefore, we put the next smallest digit, i.e. 1 
in the left-most place (the highest place) of the number. 


We put the largest of these digits, i.e. 2 in unit's place which is the 
smallest place in a number and fill all other places by zeros. We thus 


get the required number as 100002. 
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EXERCISE 2.1 


1. Write down (i) the smallest whole number, and (ii) the smallest 
natural number. Can you write the largest whole number? 
2. Find the place value of the digit 4 in each of the following: 
(i) 24581370 (и) 2043876 
3. Determine the place value of 1 in 70100. 
4. Find the product of the place values of two fives in 350256. 
5. Find the difference of the place value and face value* of the digit 2 
in 3124698. 
6. How many numbers in all do we have with 
(i) 4 digits? (№) 6 digits ? 
7. How many times does the digit 1 occur in ten’s place in the 
numbers from 100 to 1000? 
8. Write each of the following in expanded notation: 
(i) 3057 (и) 235060 
9. Write the corresponding number for each of the following: 
(i) 4х 10000000 + 3 x 1000000 + 5x 10000 
6x 1000 + 1x100 +v1x10+9 
(ii) 7000000 + 80000 + 70 + 7 
10. How many different 3-digit numbers сап be formed by using the 
digits 0, 2, 5 without repeating any digit in the number? 
11. Write the smallest 3-digit number which does not change if the 
digits are written in reverse order. 
12. How many thousands make a million? 
13. How many millions make a billion? 
14. Write each of the following numbers in words in the international 
system of numeration: 
(i) 5342716 (и) 10023078 
15. Write in words the following facts in the Indian system of 
numeration: 
(i) Distance of the sun from the earth: 
148800000 km approximately 


*Face value of a digit is the digit itself. 
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(ii) Population of India: 
In 1971 : 546955945 
In 1981 : 683810051 
16. Write 10075302 in words and rearrange the digits to get the 
smallest number. 
17. Write the greatest 7-digit number having three different digits. 
18. Write the smallest 7-digit number having four different digits. 


2.5 Representation of Whole Numbers on a Number Line 


In order to discover more properties of whole numbers we need to 
represent them on a line called Number Line. We draw a straight 


line and mark a point ‘O’ on it corresponding to the number ‘zero’. 
Starting from O, 


E OABCDEFGHIJKLMN | 
01234567 891011 121314 
Fig. 2.4 


we mark on it the points A, B, C, D, etc. at equal steps (distances) to the 
right of O in order (Fig 2.4). If we consider OA as 1 unit, then each of 
AB, BC, CD, DE, etc. represents 1 unit. 


Thus, 
OA = 1 unit 
OB = OA + AB = 1 + 1, i.e. 2 units 
OC = 3 units 
OD = 4 units 


and so on. Since О corresponds to the whole number 0, A, В, C, D, 
etc. correspond to the whole numbers 1, 2, 3, 4, etc., respectively. So, 
on the number line against A, B, C, D, etc. we write 1, 2, 3, 4, etc., 
respectively (see Fig. 2.4). In Fig. 2.4, we note that N (14) is not the last 
point of the number line. We can go up to any number as we like on the 
right by going along the line as long as we need. The arrow marks on 
both ends of the line indicate that the number line extends indefinitely 
on both sides. We have, thus, represented whole numbers on the 
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number line. Let us observe the number line dtawn above and derive 
the following important properties of whole numbers: 


PropertyI: There is no whole number on the left of ‘0’ and every 
number on its right is greater than it. Therefore, ‘0’ is 
the smallest whole number. There is no largest whole 
number. 

Property П: We note that ‘one’ is one more than ‘zero’, ‘two’ is one 
more than ‘one’, ‘three’ is one more than ‘two’, and so 
on. One is called the successor of zero, two, the 
successor of one, three that of two, and so on. 

We conclude that each whole number has one and 
only one successor and it is the successor of the 
whole number just on its left on the number line. We 
note that 0 (zero) is not the successor of any whole 
number. 

Property III: In the reverse way we note that ‘zero’ is one less than 
‘one’, ‘one’ is one less than ‘two’, ‘two’ is one less than 
‘three’, and so on. ‘Zero’ is called the predecessor of 
‘one’, ‘one’ the predecessor of ‘two’, ‘two’ that of ‘three’, 
and so on. We conclude that each whole number (except 
zero) has one and only one predecessor and it is the 
predecessor of the number just on its right on the 
number line. The number zero has no predecessor in 
whole numbers. 

PropertyIV: Every whole number on the number line is greater than 
every whole number on its left. For example, 

14 > 8, 12 4510, 8 57 

Property V: Every whole number on the number line is less than 

every whole number on its right. For example, 


9< 1, 2 <6, 11 < 14 


Representation of whole numbers on the number line, therefore, helps 
us to compare two whole numbers, i.e. to decide which of the two is 
greater or smaller. However, sometimes it is not practicable to first repre- 
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sent two given whole numbers on a number line and then see their relative 
positions to decide which of them is greater. Let us, for example, 
consider the numbers 98 and 176. To compare these numbers also, the 
number line gives a hint. We know that 2 < 6 implies that we need a 
whole number to be added to 2 to make it 6. In this case it is 4 since 2 
+ 4 = 6;similarly,3 < 5 since 3 + 2 = 5. On the same lines we can 
deduce that 98 < 176 since 98 + 78 = 176. Therefore, with the help 
of the number line we derive an important property of whole numbers, 
called the property of order of whole numbers. 


Property VI: Of the given two different whole numbers, the smaller is 
that to which we have to add a natural number so that 
the sum equals the other. 

The number line also displays the property of 
betweenness. For example, 4 lies between 2 and 6 since 
2 < 4and4 < 6. We express this by writing 2 < 4 < 6. 


Example 5: Which whole number is the successor of 99? 

Solution: We know that the next whole number on the right is the 
successor of a given whole number. Thus the successor 
of a whole number is 1 more than the number. 

Therefore, the successor of 99 = 99 + 1 
= 100 


EXERCISE 2.2 


1. Give the successor of each of the following: 
(i) 1000909 (и) 2340700 (iii) 1039999 
2. Write down the predecessor of each of the following: 
(i) 93 (ii) 2000 (iii) 7008000 
3. How many whole numbers are there between 31 and 51? 
4. Are all natural numbers also whole numbers? Are all whole 


numbers also natural numbers? 
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5. In each of the following pairs of numbers state which number is 
greater: 
(i) 53, 503 (ii) 307. 307 
(iii) 9876, 6789 (iv) 9830415, 100023001 
6. Write down the next three consecutive whole numbers starung 
from 1009998. 
7. Write down the three consecutive whole numbers just preceding 
8510001. 
8. ‘There does not exist the largest natural number’. Give arguments 
in support of this statement. 
9. Which of the following statements are true? 
(i) The smallest 6-digit number ending in 5 is 102345. 
(ii) The smallest 5-digit number is the successor of the 
largest 4-digit number. 
(ii) Of the given two natural numbers, the one having more 


digits is greater. 


Things to Remember 


The smallest natural number is 1 and the smallest 
whole number is 0. 
The successor of a whole number i is 1 more than the 


whole number. 
The predecessor of a whole Huber is 1 less than the 
whole number. There is no predecessor of zero in 


whole numbers. 


"There do not exist the largest natural number and the 


largest whole number. 

. Our system of numeration is called Hindu-Arabic, 
base-10 or the decimal system. It uses only ten 
symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9 called digits, 
Every whole number can be written with the help of 
only these symbols. 


CHAPTER THREE 


Operations on Whole Numbers 


WE ARE ALREADY FAMILIAR With the operations of addition, subtraction, 
multiplication and division on whole numbers. Let us now study some 
properties of these operations. These properties are simple, but useful 
for further studies in arithmetic and algebra 


3.1 Properties of Addition 
Property 1: Let us add any two whole numbers using the symbol 
‘+’ and see whether the sum is a whole number. 


Whole Whole Sum Whether 
number number ~ whole 
number 
| or not 
8 2 7 = 15 Үе$ 
6 + 6 = 12 Үе$ 
0 + 15 = 15 Yes 


We conclude that if we add two whole numbers, we get 
the sum, also a whole number. In other words, 
If a and b are two whole numbers and a + b = c, then 


c must be a whole number. 


Let us now consider some more pairs of whole 
numbers, add the two whole numbers of each pair in 
the two different orders and see whether the sum 
remains the same. We take the number pairs 4, 8; 10, 12 


and 6, 15 and we have 
4+8 = 12 and also 8 + 4 = 12 


Thus,4+8=8 +4 


Property П: 
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Again, 10 + 12 = 22 and 12 + 10 = 22 
Thus, 10 + 12 = 12 +10 

Further,6 + 15 = 21 and 15 + 6 = 21 

Thus,6 +15 = 15 + 6 

We conclude that whatever be the order, we may add 

two whole numbers, the sum remains the same. The 

table of addition facts also illustrates the same. We can 

thus have the table, called table of addition. 


TABLE 3.1 
Second Number 


ES 
© 
m. 
N 
ш 
ES 


First Number 
ьш о нк © 


Again, from the table we observe that 
241=142,34+2=2473,471=1+4 4, etc. 


Can you say from the table why 2 + 1 and 1 + 2 are 
the same? What can we say about 3 + 2 and 2 + 39 
And so on. 

In general, we can thus state: If a and b are two whole 
numbers, thena * b — b * a. 

In other words, the sum of two whole numbers remains 
the same even if the order of numbers (called aq dends 

is changed. a. XX S 


: . ў 
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Property III: Let us once again observe the entries of addition facts 
given in Table 3.1. From the table, we note that 


0+0=0 
0+1=1+0 =1 

О 292 FO = 2 

0+ 3 = 3 + 0 = 3,andsoon. 


We see that the sum of zero and any whole number is 
the number itself. In other words, we conclude: 

Ifa is any whole number, then a + 0 = 0 + a = a. 

This is called the Addition Property of zero and 0 is 
called the identity element for addition. 

Property IV: Let us now consider the addition of three whole 
numbers. We know that to find the sum of three whole 
numbers, we first find the sum of two of them and then 
add the third to the sum. Thus, to find the sum of 2, 3 
and 5, we proceed as follows: 
2+3+5=(2+3)+5=54+5=10 


What happens if we add 2 to the sum of 3 and 5. 
This means 


2+3+5=2+(3+5)=2+8=10 


We get the same sum, i.e. 10 in each case. Let us verify 
this fact by other whole numbers, say 2, 4, 8 and 5, 11, 
13. We get 


11) + 13= 16 + 13 = 29 
(11 + 13) = 5 + 24 = 29 
Thus,(5 + 11) + 13 = 5 + (11 + 13) 
In general, if a; b, c are any three whole numbers, then 
(a+ b) + c= a+ (b + с). 
Remark: We may write a + b + c = a + (c + b); 
Therefore, (a + c) + b = a + (c + b). We 
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usually write a + b + c, the sum of these 
numbers a, b, c 


Many a time, this property helps us in deciding which two numbers 
should be added first so that calculations become easier. Let us, for 
example, find the sum of 133,698 and 867. To find the sum, we first add 
133 and 867. (Why ?) 


133 + 698 + 867 = (133 + 867) + 698 
1000 + 698 


1698 


On the other hand, if we first add 133 апа 698 or 698 and 867, 
calculations are more difficult. 

We make use of Property П and Property IV mentioned above, 
possibly several times if necessary, to add four or more numbers. It is 
not necessary at this stage to point out the property used at each step. 
What is important is the consequence that to find the sum of several 
numbers, they need not be added in the order they are given. We 
arrange them suitably and find their sum. You might have seen that 
while adding a long list of figures, one would generally perform the 
addition first from upwards to downwards and then check the sum by 
performing the addition from downwards to upwards. Note that one uses 
a combination of the second and the fourth properties mentioned above. 


Example 1: Find the sum of 234, 197 and 103. 
Solution: 234 + 197 + 103 = (197 + 103) + 234 
= 300 + 234 
= 534 


Example 2: Add together 14, 438, 486 and 162. 
Solution: 14 + 438 + 486 + 162 = (486 + 14) + (438 + 162) 
= 500 + 600 
= 1100 
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EXERCISE 3.1 


Fill in the blanks to make each of the following a true statement: 

(i) 1005 + 283 = - + 1005 

(ii) 300507 + 0 = 

(iti) 12345 + (679 + 321) = (679 + —) + 321 
Is the sum of any two odd numbers an odd number? 
Is the sum of any two even numbers an even number? 
Add each of the following and check by reversing the order of the 
addends: . 

(i) 5628 + 39784 (и) 923584 + 178 

(iii) 15409 + 112 + 591 (iv) 2359 + 641 + 10000 
Determine the sum by suitable rearrangement: 

(i) 637 + 908 + 363 

(ii) 2062 + 353 + 1438 + 547 
A magic square is an array of numbers having the same number of 
rows and columns and the sum of numbers in each row, column 


or diagonal being the same. Fill in the blank cells of the following 
magic square: 


sp EEE 
DEDE 
ПШПЕШ 
GEE 
ПЕШЕП 
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3.2 Properties of Subtraction 

We know how to subtract a whole number from another whole number. ` 
We may say addition and subtraction are in a way inverse of each other, 

as in addition, we combine objects together and in subtraction, we take 

away. We also know that in whole numbers we cannot subtract a larger 

whole number from a smaller one. We now discuss some properties of 
subtraction. 


Property I: Let us study the following cases of subtraction of whole 


numbers: 

Whole | Whole Difference Whether 

number number 7 whole 
number 

Or not 

7 = 3 = 4 Yes 

6 = 10 = ? No 

15 = 15 = 0 Yes 

2 -= 0 = 2 Yes 

10 - 17 - 2 No 


We find that if we subtract a whole number from 
another whole number, the difference may not always 
be a whole number. Thus, in general, 

If a and b are two whole numbers and a – b = с 
also a whole number, then a > b or a = b, otherwise 
subtraction is not possible in whole numbers. 


Property П: ' Let us now see whether the second property of addition 
is true for subtraction also. We have 4 — 3 — | and 
3-4=? 

Thus, 4 — 3 is not equal to 3 — 4. 
7-10=?10-7=3 
Thus, 10 — 7is not equalto 7 — 10. 
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Property Ш: 


Number from which to be subtracted 
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In general, we conclude: 
If a and b are two distinct whole numbers, then a — 
b is not equal to b — a. 


We have 2 — 0 = 2, a whole number, but 0 — 2 = ? 
6 — 0 = 6,isa whole number, but 0 — 6 = ? 

We conclude that zero subtracted from any whole 
number gives the result as the number itself. However, 
any whole number (other then zero) subtracted from 0 
is not the number itself. Thus, in general, 

If a is any whole number, then a — 0 = a but0 — a 
is not equal to a when a is not equal to zero. 

We can now build up the table showing subtraction 


facts as follows: 
TABLE 3.2 


Number to be subtracted 


012 4 56 7 6.9 


00 Уе tn > угу о 
ADM دن بډ‎ ёш н © 
QV ی‎ & ошо моно 

шо о ке ©‏ ھب 


© نا یم دن .ь‏ ی бо 3 ٩‏ 0ا 
ло мо мн ©‏ 


CAIADNAWNHOSO 


From Table 3.2 it is clear that 0—0 = 0, 1-0 = 1, 
2=1 = 1 but 0— 1,1 —3,2 — 5, are not there. 
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Property IV: Let us take three whole numbers 7, 4 and 2. If we 
subtract 2 from 4 and again subtract this difference. 
from 7, we get the result 5. If we subtract 4 from 7 and 
then subtract 2 from the difference, we get the result 1. 
We find that the final results are not the same. 

Hence, Property IV for addition is not in general 
applicable for subtraction. Thus, 

If a, b, c are three whole numbers, in general, 
а — (b—c) is not equal to (a —b)—c. 


EXERCISE 3.2 


1. Perform the following subtractions, check your results by 
corresponding additions: 
(i) 7839 — 983 (ii) 12304 — 10999 
(iii) 100000 — 98765 (іу) 2020201 — 565656 
2. Replace each » by the correct digit in each of the following: 


(i) 876 (ii) 5376 
— 43x — **59 

6*7 25s« 

(iii) 6000107 (iv) 1000000 
— ««8978 — dee] 
506» *4320* 


3. What is the difference between the largest number of five digits 
and the smallest number of six digits? 

4. Saleem deposited Rs 25,000 in his savings bank account. Later he 
withdrew Rs 5,425 from it. How much money was left in his 


account? 
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5. The total number of men, women and children in a town is 
96,209. If the number of men is 29,642 and that of women is 
29,167, determine the number of children. 


3.3 Properties of Multiplication 
Property I: As in the case of addition we take a few pairs of whole 


Property II: 


numbers, and see whether the product is also a whole 
number. 


Whole Whole | | Product Whether 
number number whole 
number or 
not 
7 x 8 = 56 Yes 
0 x 1 = 0 Yes 
11 x 11 =. 121 Yes 


We see that if we multiply two whole numbers, we get 
the product also a whole number. In other words, we 
conclude: 
If a and b are two whole numbers and a X b = с, 
then c must be a whole number. 
We now consider some pairs of whole numbers, 
multiply the two whole numbers of each pair in two 
different orders and see whether the product remains 
the same. Let us suppose the number pairs are 2, 7; 0, 5 
and 12, 20. We have 
2x7 = 14 and 7х2 = 14 
$06,2xX 72 7х 2 
0х5=0 and 5х0 =0 
50,0 х5 =5х0 
12 х 20 = 240 and 20 x 12 = 240 
So, 12 x 20 = 20 x 12 
We see that in whatever order we may multiply two 
whole numbers, the product remains the same. The 
table of multiplication facts also illustrates the same. As 
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in the case of addition, let us con der only the first five 
whole numbers. We have the following table: 


TABLE 3.3 


Second Number 


x! 0 1 2 3 4 


First Number 


It readily follows that 2 х 3 = 3 х 2,3 Xx 4 = 4 x 3, 
1 x 4 = 4 x 1, etc. The property illustrated above 
may be restated in general, as follows: 
If a and b are two whole numbers, then 
aXb=b Ха. 
In other words, the product of two numbers remains the 
same even if their order is changed. 
Property III: From the table of multiplication facts given above, we 


observe that 
Q O =~ 0 
Ose Т = 1x 9 =Q 
0 x 2 = 2 x 0 = 0,andso on. 


We see that the product of any whole number and zero 
is zero. In other words, 
Ifa is any whole number, then a X 0=0Xa=0. 
Property IV: From Table 3.3 we also observe that 
Û = 0 x 1 = 0 

1 x 1 = 1 
1| €* 2 —- 2 к 1 = 2 
1x 3 з x 1 = 3,andsoon. 
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We conclude that the product of any whole number and 
1 is the number itself. In other words, 

Ifa is any whole number, then 1 Xa =a X 1 =a. 
This is the multiplication property of 1 and 1 is called 
the identity element for multiplication. 

We now concentrate on multiplying three whole 
numbers and see whether multiplying them in different 
orders makes any difference or not. We know that to 
find the product of three numbers, we first multiply two 
of them and then multiply the product obtained by the 
third number. Let us take the numbers 3, 4 and 7. We 
We have 
3x4x7 


(3x4)x7 
zx 
= 84 
We now change the arrangement and have 
3 x4 x7 = 3 × )4 × 7) 
= 3 × 28 
= 84 


We get the same product, i.e. 84 in each case. Let us 
verify this fact by other sets of whole numbers, say, 2, 5, 
9 and 3, 10, 12. We get 

(2x 5) xX 9 = 10х 9-90 

2 x (5 х 9) = 2 x 45 = 90 
Thus, (2 х 5) х9 = 2 х (5 х 9) 
Also, 

ч x 10) x 12 = 30 X 12 = 360 

3 x (10 x 12) = 3 x 120 = 360 

Thus, (3 х 10) x 12 = 3 x (10 x 12) 


In view of the above, we conclude that to multiply 
three whole numbers, we may change the arrangements 
of the numbers, but the product remains the same. In 
other words, in general, we conclude: 


ere 
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If a, b, c are any three whole numbers, then 
(a XbXc-—a(bXxc) 
We usually write a X b X c for these equal products. 


Many times, this property helps us in deciding which two numbers 
should be multiplied first so that calculations are easier. Let us, for 
example, find the product of 8, 1769 and 125. To find their product, we 
first multiply 8 and 125. (Why?) 

8 x 1769 x 125 — (8 x 125) x 1769 
1000 x 1769 
1769000 


Eo dw og 


On the other hand, if. we first multiply 8 and 1769 or 125 and 1769, 
calculations are more difficult. 


We make use of the second and the fifth properties of multiplication 
mentioned above, possibly several times, if necessary, to multiply four or 
more numbers. It is not important at this stage to point out the property 
used at each step. What is important is the consequence that to find the 
product of several numbers, they need not be multiplied in the order they 
are given. We group them in easy combinations and find their product. 
This we may call the rearrangment property of multiplication. 


Example 3: Find the product: 15237 X 25 X 80 X 16. 

Solution: 15237 X 25 X 80 X 16 = (25 х 80) x (16 x 15237) 
2000 x 243792 
2000 х 243792 
487584000 


Property VI: Finally, we derive a very important Property which 
helps us in discovering the process of multiplyin 
numbers containing two or more digits, We know s 


32 MATHEMATICS 


to represent a multiplication fact pictorially (see 
Fig. 3.1). 


Fig. 3.1 


Let us now consider the figure given below. It contains 
2 rows of 7 birds drawn on a piece of paper and thus 
represents the multiplication fact 2 x 7. 
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Let us fold our paper so that we separate 7 birds in 
each row to show that 7 birds are the same as 3 birds 
and 4 birds (see Fig. 3.3). The crease separates the 
multiplication fact 2 х 7 into two multiplication facts 


2 x 3and2 x 4. 


hau oe D cms 
Fig. 33 
Figs. 3.2 and 3.3 help us to see 
2X7 23:2 x4 
= Also,2 X 7 = 2 X ng We 
Therefore,2 X (3 + 4) = 2 x 3 + 2 x 4 
Let us verify ibis fact my means of other examples, 
ш 
X (5+7) = 3 xX 12 =36 
ак Pe ag ae £51 - 36 
Therefore, 3.< (5+7) = 3X 5+3 X7 
Also, 4 х (8 + 9) = 4X17 =68 
4 x 8 + 4 x9 = 32 + 36 = 68 
Therefore,4 х (8+9) = 4х8 + 4 x 9 


34 


MATHEMATICS 


The above-mentioned fact is called distributive 
property of multiplication over addition. One can easily 
verify that this property is true over subtraction also. 
For example, 


4x(5-3)=4x5-4x3 
2x(9-4)=2x9-2x4 
3x(8-1)=3x8-3x1 


We can generalize the above facts and state: 
If a, b, с are three whole numbers, then 
aX (b+c)=aXbt+aXc 
aX(b—c)—-aXb-—aXcforb» с 


Let us now see how this property helps us in 
discovering the process of multiplying numbers 
containing two or more digits. Suppose, we want to find 
the product of 34 and 57. We get 


57 × 34 = 57 x (30 + 4) 
57 X 30 457 X 4 
1710 + 228 
= 1938 

Therefore, to multiply 57 by 34, we first find the 
product 57 X 4 and then 57 x 30. The sum of these 
products gives us the required product of multiplying 
57 by 34. Let us give the method in various steps as 
follows: 


Step 1: We multiply 57 by 4 (one’s digit of the multiplier) 


and write the product 57 
(i.e. 228) as on the right x 34 
228 


Step 2: Next we multiply 57 by 30 (3 tens), ie. we 
multiply 57 by 3 (ten’s digit of the multiplier) 
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Example 4: 
| Solution: 


35 


and insert a zero on the right of the product of 


57 and 3. We, thus, write 57 

the product 57 х 30, i.e. 1710 x 34 

directly under the product obtained 228 

in Step 1. 1710 

Step 3: Finally, we add the two products (here 228 and 
1710) and get the sum 1938 57 

as the required product x 34 

of 57 and 34. 228 

1710 


Thus, 57 x 34 = 1938 


Multiply 375 by 84. 
375 
x 84 


1500 = This 15 the product of 375 and 4. 
30000 + This is the product of 375 and 80. 


31500 = This is the sum of 1500 and 30000. 
Therefore, 375 x 84 = 31500 


| Sometimes the distributive property helps us іп simplifying some 
expressions, Let us study the following examples. 


Example 5: 
| Solution: 


Example 6: 


Find the value of 467 X 97 + 467 x 3 

467 x 97 + 467 x 3 = 467 x (97 + 3) 
467 x 100 

— 46700 


Find the product 615 х 96. 
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615 x 96 = 615 x (100 — 4) 
= 615 x 100 — 615 x 4 
— 61500 — 2460 
= 59040 


Remark: 'The distributive property of multiplication over addition 
holds good in case the number of addends inside the 
parentheses is more than two. For example, 


2x(3+4+5)=2x34+2x44+2x5 
Example 7: Find the value of 


Solution: 


Example 8: 
Solution: 


1. 


4938 x 887 + 108 x 4938 + 4938 x 5 
The given expression = 4938 x (887 + 108 +5) 
= 4938 x 1000 
= 4938000 
Simplify: 25 + 30 – 7 х (15 + 3) + 5 
We know that in simplifying numerical expressions 
containing various operations, division and 
multiplication are performed first, followed by addition 
and subtraction. Thus, the given expression 
= 25 4:30 RS #5 ч 
= 25 + 30 — 35 +°5 
= 60 – 35 = 25 


ЕХЕКСІЅЕ 3.3 


ЕШ in the blanks to make each of the following a true statement: 


15379 x 0 = 
675 X 47 = 47 x —— 
3709 x 1 = 
10 x 100 x 
42 x 18 x 15 
45 x 36 = 45 
27 х 18 = 27 х9 + 27 х 
12 х 45 12 50 – 12 x 
66 х 85 = 66-х 90 ¬ 66 x 


= 10000 
18 х 
30 + 45 х 


х 42 


+ 27 х 5 


ll 


x ox Il 


ll 


— 66 
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2. Determine the product by suitable rearrangement: 
(i) 2 x 1735 x 50 (ii) 166 x 425 
(iii) 8 x 291 х 125 (іу) 279 x 625 x 16 
(v) 285 x 5x 60 (vi) 125 x 40x 8 x 25 
3. Choose any two odd numbers. Is their product an odd number? Is 
it true for any two odd numbers? 
4. Isthe product of two even numbers always an even number? 
5. We know that 0 + 0 = 0. Is there some other whole number p 
such that p + p = p? 
6. We know that 0 x 0 — 0. Is there some other whole number q 
such that q X q = q. 
7. ‘Given that the product of two whole numbers is zero, what 
conclusion can you draw? 
8. Find each of the following products: 
(i) 816 x 745 (ii) 2032 x 613 (ii) 49381 x 206 
(iv) 23701 x 4389 
9. Using distributive property, find each of the following products: 
(i) 736 x103 (ii) 854 x 96 (iii) 258 x 1008 
(iv) 995 x 158 : 
10. Find the value of each of the following using properties: 
(i) 297 x 7 + 297 X 3 
(ii) 54279 x 92 + 8 x 54279 
(ii) 8165 х 169 — 8165 x 69 
(iv) 15625 x 15625 — 15625 x 5625 
v) 3845 x 5 x 782 + 769 x 25 x 218 
) 887 x 10 x 461 — 361 x 8870 
) 579 x 7 + 579 х2 + 579 
(vii) 16 x 739 x 6 — 12 x 739 
) 461 x 999 + 461 
(x) 36 x 583 x 17 — 48 x 583 — 5 x 583 
11. Determine the product of the greatest number of four digits and 
the smallest number of three digits. 
12. A dealer purchased 125 colour television sets. If the cost of e 
set is Rs 9820, determine the cost of all the sets together, = 
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13. The annual fee charged from a student of Class VI in a school is 
Rs 80. If there are, in all, 235 students in Class VI, find the total 
collection. 


3.4 Properties of Division 


Property I: 


Property IT: 


We already know how to divide a whole number by 
another smaller non-zero whole number. Let us see 
whether on dividing a whole number by another 
non-zero whole number we always get the result 
(quotient) a whole number or not. 


We have 8 +2 =4 
7 + 3 = 2, remainder 1 
Эт э =? 


We notice that 7 + 3 апа 3 + 5 do not represent 
whole numbers, therefore, we conclude: 


If a and b (b not equal to zero) are whole numbers, 


then a + b (expressed as E ) is not necessarily a 
whole number. 


We find that ‘division’ is in a way a repeated subtraction. 
For example, 3 can be repeatedly subtracted from 12 
four times as shown below on the right and we write this 
fact as 
12 + 3 = 4 12 

— 3 one time 


9 
— 3 two times 


6 
— 3 three times 


3 
— 3 four times 


0 
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Property III: 


Let us try to subtract 0 repeatedly from a given whole 
number, say 6, and move towards 0. 


6 
— 0 onetime 


6 
— 0 two times 


6 
— 0 three times 


We see that even if we subtract 0 from 6 any number 
of times, we remain at 6, ie. we are unable to move 
towards zero. We, therefore, say: 

Division by zero is not defined. 


We also find that division is inverse of multiplication. 
For example, 


6 
24 


For every multiplication fact for two distinct 
non-zero numbers there are two corresponding division 
facts. 


2 since 2 X 3 
3 since 3 X 8 


Multiplication fact ^ Corresponding division facts 
3 х 5 = 15 15 + 3 215,15 245 = 3 
4х 7 = 28 28+ 4 = 7,28 +7 = 4 


Since 1 X 2 = 2 we get 2 + 1 = 2, since 1 X 3 = 3 
we get 3 + 1 = 3, and so on. We conclude: 

Any whole number divided by 1 gives the quotient аў 
the number itself. 

In other words, 

If a is any whole number a + 1 = a. 
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Property IV: Let us again use the facts mentioned above and derive 


Property V: 


Property VI: 


one more property. We have 
3+3=1 since 3 = 3 х] 
4+4 = 1 since 4 = 4 x 1 
and so on. We conclude: 
Any whole number (other than zero) divided by itself 
gives the quotient 1. 
In other words, 
If a is a whole number (other than Zero), then 
a+ a=]. 
We have 0 x 5 = 0, therefore, we get0 + 5 = 0. 
Similarly, 0 + 6 = 0,0 + 12 = 0, etc. Thus, 
Zero divided by any whole number (other than zero) 
gives the quotient zero. 
In other words, 
If a is a whole number (other than Zero), then 
0+ a=0. 
Using repeated subtraction let us divide 14 by 5. We get 
14 + 5 = 2, remainder 4 14 
We note that 14 = 5 x 2 + 4 -5 onetime 


9 
—5 two times 

4 
The number (here 14) which is to be divided is called 
dividend. The number (here 5) by which the dividend is 
divided is called divisor. The number of times (here 2) 
the divisor is contained in the dividend is called 
quotient. The number (here 4) which is left over after 
pa is called remainder. In the above case, we see 
that 

Dividend — Divisor x Quotient + Remainder 


By means of examples, this can be easily verified. If 
whole number a be the dividend, b the divisor, q the 
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quotient and r the remainder, then algorithm or rule for 
division of a by non-zero b is 


а= Ьд + ғ 
where r« b 
Example 9: Divide 46087 by 356 and check the result by division 
algorithm. 
Solution: We get 
46087 + 356 = 129, remainder 163 129 
356) 46087 
356 
1048 
712 
Check: 356 x 129 + 163 2207 
= 45924 + 163 3204 
= 46087 163 
EXERCISE 3.4 


[Y 


Does there exist a whole number n such that n = n = n? 

Given that a and b are two distinct non-zero whole numbers, is 
a-b-b-a? 

Divide and check the quotient and remainder: 


(i) 7772 + 58 (ii) 6906 + 35 

(iti) 96324 + 245 (iv) 12345 + 975 

(v) 16025 + 1000 (vi) 92845 + 300 
Find the value of 

(i) 32475 +1 

(ii) 0 + 719 


(ii) 476 + 620 + 62 
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) 694 — 725 + 725 
(v) 1465 + 1465 — 1465 + 1465 
(vi) 72450 + (583 — 58) 
(vii) (15625 + 125) 4 125 

(viii) 1400 — 200 x (150 = 50) 
Which least number should be subtracted from 1000 so that 30 
divides the difference exactly? 
Which least number should be added to 1000 so that 45 divides 
the. sum exactly? * 
Which least 6-digit number is exactly divisible by 75? 
Which greatest 4-digit number is exactly divisible by 40? 
Find a number which when divided by 35 gives the quotient 20 
and the remainder 18. 
A gardener plans to plant 570 trees in 19 rows each containing 
the same number of trees, how many trees will there be in each 
row? 
The population of a town is 4,50,772. 1 out of every 14 is 
reported to be educated. In all, how many educated persons are 
there in the town? 
A cinema hall is to be constructed in which each row must have 
36 seats. Determine the minimum number of rows required to 
make 600 persons seated at one time. 
The cost price of 24 radio sets is Rs 18,720. Determine the cost 
price of one radio set if each costs the same. 
Which of the following statements are true? 

(i) Every multiplication fact gives two corresponding 
division facts. 

(ii) A whole number divided by another whole number 
greater than 1 never gives the quotient equal to the 
former. 

(iii) Any whole number divided by itself gives the 
quotient 1. 

(iv) There are no distinct whole numbers a, b, c such that 

а + (b + с) = (a + b) + с. 
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Things to Remember 


If a, b, c, etc. are whole numbers, then 
(a + b)is a whole number. 
(a X b)is a whole number. 
(a — b) may or may not be a whole number. 
a + bmay or may not be a whole number. 
atb-b-ta 
axb=b xa 
a — b # b — a(a 7 b) (# stands for ‘is not 
equal to’.) 
a + b = b + a(a = b)(a # 0,b # 0) 
In general, a + b # b + a 
a + (b + c) = (a + b) + c = (a + c) + b 
ах (b x c) = (a xX b) x c = (a X c) X b 
In general, a — (b — c) # (a — b)- c 
In general, a + (b + с) # (a + b) + с 
a+0=0+a=a-0=a 
aX 0=0Xa=Oand0 + a = O(a # 0) 
ах1=1ха=а+1=а 
ах (b+ c) = a x b + a х cand 
ах (b = с) =a xX b — a x cforb > с 
If a is dividend, b (b # 0) divisor, q' quotient 
and r remainder, thena = bq + r 


CHAPTER FOUR 


Factors and Multiples 


WE ARE ALREADY FAMILIAR with the concepts of factor, multiple, prime 
and composite numbers. In this chapter, we shall review basic ideas and 
properties related to them and extend our study to include other new 
properties. 


4.1 Factors and Multiples 


We recall that a factor of a number is an exact divisor of that number. 
The number is said to be a multiple of any of its factors. The factors of 
6 are 1, 2, 3 and 6. 6 is a multiple of each of 1, 2, 3 and 6. 

We speak of factors and multiples only in the case of natural 
numbers. We already know that multiplication facts of a number give its 


factors. For example, let us consider all multiplication facts of 12. 
We have 


12 = 1 x 12 
=2х6 
=3x4 
Therefore, 1, 2, 3, 4, 6 and 12 are factors of 12. If we divide 12 by 
any one of 1, 2, 3, 4, 6, 12 we get the remainder 0. In view of this we 
conclude: 4 


(i) If a number ‘b is a factor of a number ‘Ф then ‘a’ 
divided Бу“ gives the remainder 0. 

(ii) 1 is a factor of every number. 

(iii) Any number is a factor of itself. 

(v) If‘@ is a factor of ‘B and‘B is a factor of ‘a’, then 
a=b. 

All multiples of 2 are called even numbers and those which are not 
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multiples of 2 are called odd numbers. Thus, we have 
even numbers : 2, 4, 6, 8, 10, 12, ... 
odd numbers : 1, 3, 5,7,9, 11,... 


4.2 Prime and Composite Numbers 
We classify the natural numbers into the following three categories: 
(i) Numbers having exactly one factor 
(ii) Numbers having exactly two distinct factors 
(ii) Numbers having more than two factors. 

The natural number 1 is the only number which has exactly one 
factor, the number 1 itself. 

The numbers 2, 3, 5, 7, 11, 13, etc. come in the second category. ` 
Each of these numbers has exactly two distinct factors—the number 1 
and the number itself. These are called prime numbers. 

The numbers 4, 6, 8, 9, 10, 12, 14, 15, etc. come in the third 
category. Each of them has more than two factors. For example, 9 has 
three factors 1, 3, 9. These are called composite numbers. 

Since the number 1 does not come in either of the last two 
categories, we say that the number 1 is neither prime nor composite. | 

We note that 2 is the lowest prime number and the only even prime 
number. All other even numbers are composite numbers. 

A simple method for finding the prime numbers was found by 
Eratosthenes, a Greek mathematician in the third century &c. The 
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method is known as the Sieve of Eratosthenes. We illustrate this for 
natural numbers 1 to 100. First we prepare a table of natural numbers 1 
to 100 as given on page 45. 

We cross out 1 as we know that 1 is nota prime number. 

We then encircle 2 and cross out every other multiple of 2; i.e. 4,6; 
85 LO; sa: 

Next uncrossed number is 3. So we encircle 3 and cross out every 


other multiple of 3, i.e. 6, 9, 12, 15,.... If a number like 6, 12 is already 
crossed out, we need not cross it out again. 


The next uncrossed number is 5. So we encircle it and cross out 
every other multiple of 5, i.e. 10, 15,20,.... 

We do this for all numbers till every number is either encircled or 
crossed out. 

In the table, all encircled numbers are prime numbers. Leaving aside 
1, the numbers that are crossed out are composite numbers. 

In the above list of prime numbers between 1 and 100, we come 
across pairs of prime numbers which have only one composite number 
between them. For example, the prime numbers 3 and 5 have 4 as the 
only composite number between them. Such pairs of prime numbers 
(sometimes called primes) are called twin primes. The other pairs of 
twin primes between 1 and 100 are 


5, 7; 11, 13; 17, 19; 29, 31; 43; 59, 61 and 71, 73. 


In 1742, the famous mathematician Goldbach had a conjecture 
(guess) for which he could not supply a proof. His conjecture stated: 
Every even number greater than 4 can be expressed as a sum of two odd 
prime numbers. 
This can be easily verified by means of examples:6 = 3 + 3,8 = 3 + 5, 
MN 7,12 = 5+ 7,14 = 3 + 11, and so on, So far noallie- 
Matician could supply a proof or contradict it by finding even one 


example. It still remains a conjecture and is known as Goldbach’s 
conjecture, 


Example 1: Determine whether 27 is a factor of 6561. 


FACTORS AND MULTIPLES 47 


Solution: We divide 6561 by 27 and see whether the remainder 
is 0. 
27) 6561 (243 
54 


116 
108 


81 
81 


0 


Since the remainder is 0, we conclude that 27 is a factor 
of 6561. 
Example 2: Which of the following numbers are primes? 
204, 83, 139 
Solution: (i) 204 = 1 x 204 
2 x 102 
3 x 68 
= 4 x 51,and so on 
We find that 1, 2, 3, 4, etc. are all factors of 204. In other 
words, it has more than two factors. Hence, 204 is not a 
prime number. . 
(i) 83 has the only multiplication fact 83 = 1 X 83. 
It is, therefore, a prime number as it has exactly two 
distinct factors 1 and 83. 
(iii) 139 = 1 x 139 
No other multiplication fact is possible. Therefore, 
139 is also a prime number. 


1 


EXERCISE 4.1 


1. Write all factors of each of the following: , 
(i) 60 (ii) 64 (iii) 76 (iv) 125 (v) 144 (wi) 729 
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Write the first five multiples of 
(i) 16 (i) 17 (ій) 19 (iv) 20 (v) 25 (vi) 40 
Which of the following have 15 as their factor? 
(i) 15625 (ii) 123015 (iii) 151230 
Which of the following are divisible by 21? 
(i) 21063 (ii) 20163 (iii) 21630 
List all prime numbers between 
(i) 1and30 (ii) 78and158 (iii) 160 and 200 
How many even numbers are prime? 
Which of the following numbers are prime? 
(i) 23 (ii) 26 (iii) 31 (iv) 51 (v) 109 (vi) 1729* 
Can a composite number be odd? If yes, write the smallest odd 
composite number. 
Write six consecutive composite numbers less than 100 so that 
there is no prime number between them. 
The digit in the unit's place of a number is 5. If the number lies 
between 150 and 200 will it be composite or prime? 
For a number, greater than 10, to be prime what may be the 
possible digits in the unit's place? 
(i) Istherea number which has no factors? 
(ii) From 1 to 100, how many numbers have exactly three 
factors? i 
If the sum of all the factors of a number is two times the number, 
it is called a perfect number. The smallest perfect number is 6. 
There is only one more perfect number between 1 and 100. 
Determine it. 
Determine pairs of twin primes, if any, between 100 and 150. 
Express each of the following numbers as a sum of two odd 
Primes: 


(i) 32 (№) 40 (iii) 56 (iv) 80 (v) 96 (vi) 100 


729 is called Ramanujan's number. It is the smallest number which 


EXPressed as a sum of two cubes іп two different ways—123 + 13 and 
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: 4.3 Tests for Divisibility of Numbers 


To find whether or not a number is divisible by another, we usually 
perform the actual division and see whether or not the 
remainder is zero. This is both time-consuming and unnecessary. Much 
easier methods are available to test whether or not a number is divisible 
by certain other numbers. In earlier classes we have aiteady learnt such 
divisibility tests of numbers by 10, 2, 3, 5 or 9. Simply by examining the 
digits in the number we were able to say definitely whether the number 
is divisible by any of these numbers. Let us review these tests here in 
brief. 


(i) Divisibility by 10 

A number is divisible by 10, if its unit’s digit is zero. For 
example, each of the numbers 20, 130, 1500 is divisible 
by 10. 

(ii) Divisibility by 2 
A number is divisible by 2 if its unit's digit is 0, 2, 4, б, or 8. 
For example each of the numbers 21674, 31856, 20018, 
43560 is divisible by 2. We note that all even numbers are 
divisible by 2. 

(iii) Divisibility by 3 
A number is divisible by 3 if the sum of its digits is a multiple 
of 3. 5412 is divisible by 3 since 5 + 4 + 1 + 2,ie. 12 is a 
multiple of 3. 343 is not divisible by 3 since 3 + 4 + 3, ie. 
10 is not a multiple of 3. 

(iv) Divisibility by 5 ; 
A number is divisible by 5 if its unit's digit is either 0 or 5. 
For example, each of the numbers 155, 5370, 69135 is 
divisible by 5. On the other hand, if the unit's digit is other 
than 0 or 5, the number will not be divisible by 5. For 
example, none of the numbers 113, 2003, 5476 is divisible 


by 5. 


v) Divisibility by 9 * X 
(v) A number is divisible by 9 if the sum of its digit is a multiple 
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of 9. If it is not so, then the number will not be divisible by 9. 
The number 7281 is divisible by 9 since 7 + 2 + 8 + 1,1е. 
18 is a multiple of 9. The number 3478 is not divisible by 9 
since 3 + 4 + 7 + 8,i.e. 22 is not a multiple of 9. 


We now discuss some other properties of divisibility which help us in 
determining the divisibility of a number by some other numbers. 


4.4 Some General Properties of Divisibility 


Property I: 


Property II: 


We know that 72 is divisible by 12 since 
72=12x6 

Also, 12 = 3 x 4 
Therefore, 72 should be divisible by 3. 
Itis so, for 72 = 3 X 24 
Similarly, 72 should be divisible by 4. 
Itis so, for 72 = 4 х 18 
Let us consider one more example. We know that 40 is 
divisible by 10 since 40 = 10 x 4 
Also, 10 = 2 x 5 
Therefore, 40 must be divisible by both 2 and 5. It is so, 
for40 = 2x 20 and40 = 5 x 8 
We conclude: 

If a number is divisible by another number, it must be 
divisible by each of the factors of that number. 
The above-mentioned property, in other words, may be 
stated as follows: 

If a, b, с are three natural numbers such that a is 
divisible by b and b is divisible by c, then a must be 
divisible by c. 


We recall that two numbers are said to be coprime if 
they do not have a common factor other than 1. For 
example, the numbers 8 and 15 are coprime as their 
only common factor is 1. 
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Factors of 8: 1,2,4,8 
Factors of 15 : 1, 3, 5, 15 


It seems quite reasonable that if each of two or more 
coprime numbers exactly divides a given number, then 
their product would also exactly divide that number. Let 
us verify: 

2 is a factor of 48 since 48 = 2 х 24 
3 is a factor of 48 since 48 = 3 X 16 
2 x 3, i.e. 6 is a factor of 48 since 48 = 6 x 8 

We can verify this fact by means of other examples 
and thus arrive at the following important conclusion: 

If a number is divisible by each of the two or more 
coprime numbers, it must be divisible by their product. 

It is to be noted here that the divisors must be 
coprime numbers. If they are not coprime, the 
above-mentioned property may not be true. Let us, for 
example, consider the following situation: 

4 is a factor of 12 since 12 = 4 X 3 
6 is a factor of 12 since 12 = 6 X 2 

But 4 X 6, ie. 24 is not a factor of 12. It is so, 
because the numbers 4 and 6 are not coprime, and apart 
from 1, they have 2 as another common factor. 

The above-mentioned property can be restated as 
follows: 


If a and b are two coprime numbers, and both a 


and b are factors of c then a X b must be a factor of c. 

This property is important because we can test the 
divisibility of a number by another number by testing its 
divisibility by such coprime factors of that number 
whose product is the number itself. For example, in 
order to test whether 38520 is divisible by 45, we test 
the divisibility of 38520 by 5 and 9 since 45 =5x9 
where 5 and 9 are coprime. Since 38520 is divisible by 
both 5 and 9, we conclude that it is divisible by 45, 
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Using distributive property of multiplication over 
addition we now derive one more important property of 
divisibility. Let us consider the following example. We 
have 5 as a factor of 20 as well as of 15. 
20 = 5 х 4 
15 = 5 х 3 
Adding the two results, we get 
20 + 15=5x4+5x3 
— $5 х (4+ 3) 
= 5х7 (Why?) 
We find that 5 being the common factor of 20 and 15 is 
also a factor of the sum of 20 and 15, i.e. 35, as well. 
We conclude: ` 
If a number is a factor of each of the two given 
numbers, it must be a factor of their sum. 
In other words, this property can be stated as 
follows: 
If ‘a’ is a factor of both ‘b’ and ‘c’ then ‘a’ must be a 
factor of b + с. 


We know that distributive property of multiplication 
over subtraction also holds good. In the above example, 
subtracting 15 from 20, we get 
20-15=5x4-5x3 
5 x (4—3) 
= 5х ] (Why?) 

We find that 5 is a factor of the difference of 20 and 15 
also. We conclude: 

If a number is a factor of each of the two given 
numbers, it must be a factor of their difference. 
This property, in other words, can be stated as follows: 

If ‘a’ is a factor of both ’b’ and с, then ‘a’ must be a 
factor of b — с. 
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_ With the help of the above-mentioned general properties of 
divisibility, we now establish the divisibility tests by some numbers 
other than those which we have already learnt. 


4.5 Divisibility Tests by 4, 6, 8 and 11 

(i) Divisibility by 4 

We know that 100 is divisible by 4 since 100 + 4 = 25. Let us now 
consider the divisibility of 43752 by 4. 


43752 = 43700 + 52 
= 437 x 100 + 52 
"Rt . .437 x 100 
437 x 100 is divisible Dy SIGE = = 437 x25 

Also, 52 is divisible by 4 since 52 + 4 = 13 

Therefore, by the third general property mentioned above 
437 x 100 + 52,i.e. 43752 is divisible by 4. 

We note that every natural number can be written in the form ‘a 
natural number X 100 + the number formed by the digits in ten's and 
unit’s places’. Since a number х 100 is always divisible by 4 we 
conclude: 


A number is divisible by 4 if the number formed by its digits in ten's 
and unit's places is divisible by 4. 


Example 3: Ys 579964 divisible by 4? И Jong 
Solution: The number formed by ten's and unit's digits is 64. 
Since 64 is divisible by 4, 579964 is divisible by 4. 


(ii) Divisibility by 6 
We know that 6 — 2 x 3 and the numbers 2 and 3 are coprime, 
Therefore, by the second general property of divisibility mentioned 


above, we conclude: 
A number is divisible by 6 if it is divisible by both 2 and 3. 


54 MATHEMATICS 


(iti) Divisibility by 8 
As in the case of divisibility by 4, here also we take one example. Let us 
consider the divisibility of 6437536 by 8. We know that 1000 is 
divisible by 8 since 1000 + 8 = 125. So we rewrite the given number 
in the form given below: 
6437536 = 6437000 +. 536 
= 6437 х 1000 + 536 
6437 x 1000 is divisible by 8. (Why?) Also, 536 is divisible by 8 
since 536 + 8 = 67. Hence 6437536 is divisible by 8. 
The number 536 is formed by the hundred’s, ten’s and unit’s digits of 
the given number. We, therefore, conclude: 
A number is divisible by 8 if the number formed by its digits in 
hundred's, ten’s and unit's places is divisible by 8. 
Example 4: Which of the following numbers are divisible by 8? 
(i) 569048 (ii) 72148 
Solution: (i) The number formed by the hundred’s, ten’s and 
unit’s digits of 569048 is 048, ie. 48. Since 48 is 
divisible by 8, 569048 is divisible by 8. 
(ii) We find that 148 is not divisible by 8. 
Hence, 72148 is not divisible by 8. 
(iv) Divisibility by 11 
Let us consider some multiples of 11. Each of 308, 1331 and 61809 is a 
multiple of 11. It appears that difference between the sums of the digits 


in odd places and in even places of these numbers is either a '0' or a 
multiple of 11. 


Number Sum of the digits Sum of the digits Difference of the 


in odd places ^ іп even places two sums 
308 3+ 8 0 (3+8) – 0 
= 11 
1331 1+3 3+ 1 (1+Ду= 
; (3+1)=0 
61809 9+8+6 0+1 (9 + 8 + 6( – 


(0 + 1) = 22 
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How should we be sure of this fact? It can be easily verified that any 
of the numbers 99,9999,999999, etc. is divisible by 11 and any of the 
numbers 11, 1001, 100001, etc. is also divisible by 11. Let us now 
consider the divisibility of a number, say 586949, by 11. We express the 
number in expanded notation. 

586949 = 5 x 100000 + 8 x 10000 + 6 x 1000 + 9 x 100 + 4 
x10+9 
We rewrite it as 

586949 = 5 x (100001 — 1) + 8 x (9999 + 1) + 6 x 
(100 = 1) +9 х (99 +1) +4х(1- 1) +9 
5 x 10001 + 8 x 9999 + 6 x 1001 + 9 х 99 + 
4х1+9-4+9-6+8 – 5 (Why?) 

5 х 100001 + 8 х 9999 + 6 х 1001 + 9 х 99 + 4 
x 11 + (9 + 9 + 8) – (4+6 + 5) 

We have expressed 586949 in such a way that each of the first five 
terms is divisible by 11. Therefore, using the third general property of 
divisibility, we can say that the number will be divisible by 11 if only (9 
+ 9 + 8) - (4 + 6 + 5)is divisible by 11. Since (9 + 9 + 8) – (4 + 
6 + 5)is divisible by 11, we find that the number 586949 is divisible by 
11. We note that 9, 9, 8 are the digits in odd places starting from unit’s 
place and 4, 6, 5 those in even places. We conclude: 

A number is divisible by 11 if the difference of the sum of its digits in 
odd places and the sum of its digits in even places (starting from 
unit’s place) is either 0 or a multiple of 11. 

Example 57 Test whether 8050314052 is divisible by 11? 
Solution: Sum of the digits in even places 
=5+4+3 +5 + 8 
= 25 
Sum of the digits іп odd places 
=2+0+1+0+0 
= 3 
The difference of these sums = 25 — 3 = 22 
Since 22 is divisible by 11, therefore, the given number 
is divisible by 11. 


1 
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Note: It can be easily verified that a number is prime if none of the 
smaller prime numbers is a factor of it. 


Example 6: 


Solution: 


Determine the largest prime number that you need to 
test as a divisor to find whether or not 401 is a prime 
number. 

We have prime numbers 2, 3, 5, 7, 11, 13, 17, 19, 23,. 


401 is obviously not divisible by 2, 3, 5 (Why)? 
401 is not divisible by 7 as we have 
401 + 7 = 57, remainder 2 
401 is not divisible by 11 (Why?) ; 
401 is not divisible by 13 since 401 + 13 = 30, 
remainder 11. 
Similarly, 401 is not divisible by 17 and 19. 
Also, 401 + 19 = 21, remainder 2. 

The next prime number is 23 which is greater than 
the last quotient 21 obtained here. So we' need not test 
its divisibility by 23. 

Therefore, the required largest prime number is 19, 
and we find that 401 is a prime number. 


EXERCISE 4.2 


1. Using divisibility tests determine which of the following numbers 
are divisible by 2; by 3; by 5; by 9: 
(i) 126 (ii) 672 (iii) 990 (iv) 2050 (v) 2856 (vi) 406839 
2. Using divisibility tests, determine which of the following numbers 
are divisible by 4; by 8: 
(i) 512 (ii) 12159 (iii) 4096 (iv) 14540 


(v) 21084 (vi) 31795012 
Test the divisibility of the following numbers by 6: 


(i) 12583 (ii) 639210 (iii) 297144 
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4. Test the divisibility of the following numbers by 11: 
(i) 5335 (ii) 10824 (ii) 9020814 (iv) 3178965 
(v) 70169803 (м) 10000001 
5. Find the largest prime number that you need to test as a divisor to 
determine whether or not each of the following is a prime 
number: 
(i) 101 (i) 203 (ui) ‘211 
In each case, also determine whether or not the number is a prime 
number. 
6. Which of the following statements are true? 
(i) Ifa number is divisible by 3, it must be divisible by 9. 
(ii) Ifa number is divisible by 9, it must be divisible by 3. 
(iii) All numbers divisible by 8 are ãlso divisible by 4. 
(iv) A number is divisible by 18 if it is divisible by both 3 
and 6. 
(v) If a number is divisible by both 9 and 10, it must be 
divisible by 90. 
(vi) If a number exactly divides the sum of two numbers, it 
must exactly divide the numbers separately. 
(vii) If a number divides three numbers exactly, it must 
divide their sum exactly. 
(viii) If two numbers are coprime, at least one of them must 
be a prime number. 
(ix) The sum of two consecutive odd numbers is always 
divisible by 4. : 


4.6 Prime Factorizations 

We already know about factors and primes. Let us factorize 24 in three 
different ways as given below: 

24= 2 х 12 24-2 3x 8 24 
А x 458 = 3 x Le 4 

2x 253 = з х 2 TEY 


\ 


4x6 
[No 
TXIKI 5 9 
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In each case, 24 is expressed as a product of prime factors consisting 


of only 2 and 3. 
Thus, each of the four factors of 24 is a prime number. We say that 


24 has been expressed as a product of prime factors. Such 
factorizations are called prime factorizations. In other words, 
A factorization is prime if all the factors are primes. 

We observe that there are several prime factorizations of a number. 
We also notice that in each of the prime factorizations, the factors may 
be arranged differently, but the prime factorization is unique. We 
conclude: 

Every composite number has exactly one prime factorization, 
irrespective of the order of its factors. 

This property is called the Prime Factorization Property or the 
Fundamental Theorem of Arithmetic. 

Example 7: Determine the prime factorization of 420. 
Solution: We use division to extract prime factors 
of 420. 
Unit's digit of 420 is 0. So it is divisible by 2. 
We divide 420 by 2 and get 210 as quotient. 
210 is also divisible by 2. (Why?) 
So we divide it by 2 and get 105 as quotient. 
Now, 105 is divisible by 3. (Why?) 
So we divide it by 3 and get 35 as quotient. 
The prime factors of 35 are obviously 5 and 7. 
Thus, the required prime factorization is 
given by 
420=2x2x3x5x7 


EXERCISE 4.3 


1. Determine the prime factorization of each of the following 


numbers: 
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(i) 48 (ii) 34 (ii) 98 (iv) 216 (v) 525 (vi) 468 
(vii) 441 (vii) 540 (ix) 9000 (x) 1024 (xi) 2145 


(xii 7325 
2. Which factors are not included in the prime factorization of a 
composite number? 
3. Write the smallest 5-digit number and express it as a product of 
primes. 


Write the largest 4-digit number and give its prime factorization. 
Find the prime factors of 1729. Arrange the factors in ascending 
order, and find the relation between two consecutive prime 


factors. 


gus 


4:7 Highest Common Factor (H.C.F.) 
The Highest Common Factor (Н.СЕ) of two or more numbers is 
sometimes referred as their greatest common divisor (G.C.D.). We are 
already familiar with it. Let us find the H.C.F. of 12 and 16. 
Factors of 12: 1,2, 3,4,6, 12 
Factors of 16: 1,2, 4,8, 16 
Common factors of 12 and 16 : 1,2,4 
Largest of the common factors, i.e. H.C.F.: 4 
Thus, the Н.С.Е of two or more numbers is the largest or the highest 
among common factors. : 
We recall that in earlier classes we found the H.C.F. of two or more 
numbers by prime factorization method. The method states: 
We write prime factorization of each of the given numbers. We then 
find the product of all common prime factors of the numbers, using 
each common prime factor the least number of times it appears in 
the prime factorization of any of the numbers. 


Example 8: Find the H.C.F. of 144, 180 and 192. 
Solution: We write prime factorization of each of the given 
numbers: 
144= 2х2х2х2х3х3 
180 = 2х2х3х3х 5 
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192 = 2х2х2х2х2х2 х3 

We note that 2 occurs as а prime factor at least two 
times in any of the given numbers and 3 at least once. 
Therefore, the required H.C.F. = 2 x 2 x 3 = 12 


It is obvious that prime factorization method of finding Н.С.Е. of 
certain numbers is convenient when the numbers are small. For larger 
numbers we use continued division method which we are going to 
discuss below by means of an example wherein we want to find the 
Н.С.Е. of 30 and 18. 


Let us suppose we have two iron rods (AB and CD shown below) of 
lengths 30 cm and 18 cm, respectively, and we want to find the length 
of the largest rod by which we can measure each of these rods an exact 
number of times. 


Fig. 41 


Obviously, we can have a rod of length 1 cm and measure each of 
ese rods an exact number of times. This gives rise to the fact that 
When no prime factor is common to two given numbers, 1 will always be 
^ common factor. But we want the largest rod of that type. Let us see 
OW We get the length of such a rod. Definitely, the length of such a rod 


Must divide 30 cm and 18 cm exactly, i.e. it must be the Н.С.Е. of 30 cm 
and 18 cm, 
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We cut the larger rod into pieces, each equal to the length of the 
smaller rod. We get only one piece and a length of 12 cm is left. See the 
figure below: 


We divide 30 by 18. 
18) 30 (1 


А 18ст 12cm 18 


12 


We get 1 as quotient 
Fig. 4.2 and 12 as remainder 


The rod which will measure CD an exact number of times, will 
obviously measure the 18 cm piece of AB an exact number of times. 

Therefore, the required rod must measure the remaining portion of 
the larger rod, ie. 12 cm and 18 cm an exact number of times. 

Next, we cut the rod CD (18 cm) into pieces, each equal to the length 
of 12 cm. We get one such piece and a length of 6 cm is left. See the 


figure below: 


Next we divide 18 (the 
first divisor) by 12 (the 


12cm d 6cm first remainder). 
12) 18 (1 
12 
12cm 6 
Fig. 43 We get 1 as quotient and 6 


as remainder. 
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By the same reasoning we get that the required rod must measure the 
remaining portion of CD, i.e. 6 cm and 12 cm an exact number of times. 


We now cut the 12 cm piece into pieces, 
each equal to the length 6 cm. We get 
exactly two such pieces and no portion 
of the rod is left. 


6em бет 


6cm 
Fig. 4.4 


Obviously the required largest rod that 
will measure both the given rods an 
exact number of times must be of length 
6cm. 


We can summarize the above process 
as follows. To find the H.C.F. of 30 and 
18 we divide 30 by 18, remainder is 12. 
Next we divide 18 (the divisor) by 12 
(the remainder). The second remainder 
is 6. Then we divide 12 (the second 
divisor) by 6 (the second remainder) 
and get the remainder 0. 


We now divide 12 (the 
second divisor) by 6 (the 
second remainder). 
6)12(2 
12 


0 


We get 2 as quotient and 0 
as remainder. 


The required H.C.F. of 30 
and 18 is 6 (the last divisor 
in the process when the 
remainder is zero). 


18) 30 (1 
18 
12) 18 (1 
12 


The last divisor, i.e. 6 (when the remainder is zero) is the required 


Н.С.Е. of 30 and 18. 


hus, we state the continued division method of finding the H.C.F. of 


two numbers as follows: 
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We divide the larger number by the smaller one getting a remainder. 
We then divide the first divisor by the remainder getting a new 
remainder. We again divide the next divisor by this remainder. This 
process goes on till at last we get the remainder zero. The last 
divisor in the process is the H.C.F. of the given numbers. 


Determine the H.C.F. of 216 and 1176. 


Example 9: 
Solution: We use division method 216) 1176 (5 
as shown on the right 1080 
and get the required 96 
HCE of 216 and 1176 ) ae (2 
as 24. IT 
24) 96 (4 
96 
ж. 
In order to find ће Н.С.Е. of three numbers we find 
(1) the H.C.F. of any two of them. 
F. obtained 


(ii) the H.C.F. of the third number and the H.C. 


in (i) above. | 
The Н.С.Е obtained in (ii) is the required H.C.F. of the three given 
numbers. 
Example 10: Find the НСЕ of 144, 180 and 192. 
Solution: 144) 180 (1 36 ) 192 (5 
144 180 
36) 144 (4 12) 36 (3 
144 36 
0 0 


Hence the required Н.С.Е. of 144, 180 and 192 is 12. 
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Example 11: 


Solution: 


Example 12: 


Solution: 


MATHEMATICS 


Find the largest number which exactly divides 280 and 
1245 leaving remainders 4 and 3, respectively. 
When 280 is divided by the number, a remainder of 4 is 
left. Therefore, 280/ — /4, ie. 276 must be exactly 
divisible by the required number. 
Similarly, 1245 — 3, ie. 1242 must be exactly divisible 
by it. 
Therefore, the required number must be the Н.С.Е, of 
276 and 1242. 
The H.C.F. of 276 and 1242 is 138. 276 )1242( 4 
Hence, the required riumber is 138. 1104 
138 ) 276 (2 
276 
0 


In a seminar, the number of participants in Hindi, 
English and Mathematics are 60, 84 and 108, 
respectively. Find the minimum number of rooms 
required if in each room the same number of 
participants are to be seated and all of them being in the 


same subject. 


The required number of persons in each room must be 
the H.C.F. of 60, 84 and 108. 

The H.C.F. of 60, 84,108 is 12. 

Therefore, in each room the highest number of persons 
to be seated is 12. 

Hence, the number of rooms required 


_ 60 + 84 + 108 
12 
= 21 
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EXERCISE 4.4 


Determiné the H.C.F. of numbers in each of the following by 
prime factorization method: 


(i) 144,198 ii) 81,117 
(ii) 47,61 (iv) 225,450 
(v) 13,3 (vi) 150, 140, 210 
) 
) 


(vii) 120, 144, 204 (viii) 106, 159, 265 

(іх) 101, 573, 1079 (х) 625, 3125, 15625 
Determine ће H.C.F. of numbers in each of the following by 
continued division method: 


(i) 300,450 (ii) 442, 1261 
(ш) 252,576 ‹ (іу) 935, 1320 
(у) 1624, 522, 1276 (мі) 2241, 8217, 747 


It is given that 65610 is divisible by 27. Which two numbers 
nearest to 65610 are each divisible by 27? 
What is the Н.С.Е. of any two consecutive numbers? 
Reduce each of the following fractions to the lowest terms by 
cancelling the Н.С.Е. of the numerator and the denominator: 

i) 1444 (i) 143 foe 2211 

msg . "9 234 « PU Estas 
Find the largest number which divides 245 and 1029 leaving 
remainder 5 in each case. 
Two tankers contain 850 litres and 680 litres of petrol, 
respectively. Find the maximum capacity of a container which can 
measure the petrol of either tanker in exact number of times. 
Find the largest number that will divide 398, 436 and 542 leaving 
remainders 7, 11 and 15, respectively. 
The length, breadth and height of a room are 8m 25 cm, 6 m 75 
cm and 4m 50cm, respectively. Determine the longest tape which 
can measure the three dimensions of the room exactly. 
A rectangular courtyard is 20 m 16 cm long and 15 m 60 cm 
broad. It is to be paved with square stones of the same size, Finq 
the least possible number of such stones. 
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4.8 Lowest Common Multiple (L.C.M.) 


We recall that the lowest common multiple (L.C.M.) of two or more 
numbers is the smallest number which is a multiple of each of the given 
numbers. Let us find the L.C.M. of 8 and 12. = 


Multiples of 8 : 8, 16, 24, 32, 40, 48,... 
Multiples of 12 : 12, 24, 36, 48, 60, 72,... 


Common multiples of 8 апа 12: 24, 48,... 
The smallest of the common multiples of 8 and 12: 24 


To find the L.C.M. of two or more numbers by prime factorization 
method, we write prime factorization of each of the numbers. We then 
find the product of all the different prime factors of the numbers using 
each common prime factor the greatest number of times it appears in the 
prime factorization of any of the numbers. 


Example 13: Find the L.C.M. of 40, 36 and 126. 
Solution: We write prime factorization of each number and have 
40 =2x2x2x5 
36 =2X2x3x3 
126=2x3x3x7 
We note that 2 occurs as a prime factor maximum three 
times, 3 two times, 5 one time and 7 one time. 
Therefore, required С.М. = 2 xX 2X 2x 3x 3x 
5 X7 
= 2520 
We also use division method to find the L.C.M. of the given 
numbers. In this process, we set aside all common factors of two or 
more given numbers by division. The product of all the common factors 


set aside and of those that remain is the required L.C.M. of the given 
numbers, 


Example 14: Determine the L.C.M. of 112, 140 and 168. 
Solution: We use division method to find the L.C.M. of 112, 140 
and 168 and have 
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2 5 3 


Therefore, L.CM.=2*2x2x7xX2x5x3 
= 1680 


Example 15: Determine the lowest natural number which when 
divided by 16, 28, 40, 77 leaves remainder 8 in each 
case. 

Solution: We know that the lowest number divisible by 16, 28, 40, 
77 is their L.C.M. Therefore, the required number must 
be 8 more than their L.C.M. Now to find their L.C.M. 
we have 


16 28 40 77 


A 510 37. 
2007 ENSE 


2 
2 8 14 20 77 
2 
7 


23MM SF 1 


Therefore, L.C.M. = 2 X2 X2 X7X2X 5 X11 
= 6160 
Hence, the required number = 6160 + 8 
= 6168 
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Some Properties of Н.С.Е. and L.C.M. 


In view of our discussions in this chapter, we here list certain facts 
concerning the H.C.F. and the L.C.M. of numbers. 


1. 


2: 
3 


The Н.С.Е. of given numbers is not greater than any of the 
numbers. 

The L.C.M. of given numbers is not less than any of the numbers. 
H.C.F. of two coprime numbers is 1. Therefore, to determine 
whether or not two numbers are coprime we see whether or not 
their H.C.F. is 1. 

Obviously, the L.C.M. of two or more coprime numbers is their 
product. . 

If a number, say a, is a factor of another number, say b, then the 
Н.С.Е. of a and b is a and their L.C.M. is b. 

Since the Н.С.Е. of two or more numbers exactly divides each of 
the given numbers and each of the given numbers exactly divides 
their L.C.M., therefore, their H.C.F. must be a factor of their 
L.C.M. Consequently, there cannot exist two numbers whose 
Н.С.Е is not a factor of their L.C.M. ч 


We now discover a very important property concerning the Н.С.Е. 
and the L.C.M. of two numbers. Let us take the numbers 35 and 


40. 


H.C.F.of35and40: 5 
L.C.M.of35and40: 280 
Product of H.C.F. and L.C.M. = 5 x 280 
— 1400 
35 x 70 
— 1400 
Let us consider one more pair of numbers, say 50 and 60. 
H.C.F. of 50 and 60: 10 
L.C.M. of 50 and 60: 300 
Product of Н.С.Е. and L.C.M. = 3000 
Product of the numbers — 50 x 60 
= 3000 


Product of the given numbers 


FACTORS AND MULTIPLES 69 


! In each case we find that the product of the H.C.F. and the L.C.M. of 
two numbers is equal to the product of the given numbers. The proof of. 
this property is beyond the scope of the present textbook. However, 

, this can be verified by taking some other examples of numbers. 

This property is sometimes used to find the L.C.M. of two very large 
numbers as we get 

Product of the numbers 

Н.С.Е of the numbers 


Example 16: On a particular day, from Delhi to Meerut buses ran at 
intervals of 40 minutes while from Meerut to Delhi they 
ran at intervals of 45 minutes. At what earliest time 
would two buses coming from opposite directions pass 
a particular bridge if they passed the same bridge at 
10.15 a.m.? 

Solution: The earliest time, in minutes, should be the L.C.M. of 
40 and 45 added to 10.15 a.m. 
L.C.M. of 40 and 45 — 360 
Therefore, the two buses would have passed the same 
bridge after 360 minutes, ie. 6 hours after 10.15 a.m. 
Hence, the two buses would pass the bridge at 4.15 p.m. 


L.C.M. of two numbers = 


EXERCISE 4.5 
1. Determine the L.C.M. of numbers in each of the following: 
(i) 48,60 (ii) 18,77 
(iii) 12, 15,45 (iv) 15, 30,90 
(v) 45,105, 165 (vi) 6, 15, 18, 30 
(vii) 180, 384, 144 (viii) 240, 420, 660 
(ix) 108, 135, 162 (x) 112, 168, 266 


2. For each of the following pairs of numbers show that the Product 
of their Н.С.Е. and L.C.M. equals their product: 
(i) 14,21 (ii) 117,221 
(ii) 25,65 (iv) 27,90 
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Determine the lowest common denominator for fractions in each 
of the following: 
Uii ip Tous 3 dp tug 8F 
Q 55° 91° 17 i) 215, 135° 105 

Given that ће Н.С.Е. of two numbers is 16 and their product is 
6400, determine their L.C.M. 

Is the product of three numbers always equal to the product of 
their Н.С.Е. and L.C.M.? 

The H.C.F. and the L.C.M. of two numbers are 13 and 1989, 
respectively. If one of the numbers is 117, determine the other. 

Can two numbers have 14 as their Н.С.Е. and 204 as their L.C.M. 
Give reasons in support of your answer. 

In a school there are two sections — Section A and Section B — of 
Class VI. There are 32 students in Section A and 36 in Section B. 
Determine the minimum number of books required for their class 
library so that they can be distributed equally among students of 
Section A or of Section B. 

Telegraph poles occur at equal distances of 220 m along a road 
and heaps of stones are put at equal distances of 300 m along the 
same road. The first heap is at the foot of the first pole. How far 
e it along the road is the next heap which lies at the foot of a 
pole? 

Find the smallest number which when divided by 25, 40 and 60 
leaves remainder 7 in each case. 

A boy saves Rs 4.65 daily. Find the least number of days in which 
he will be able to save an exact number of rupees. 
In a morning walk three persons step off together. Their 
steps measure 80 cm, 85 cm and 90 cm, respectively. At what 
distance from the starting point will they again step off together? 


. Determine the two numbers nearest to 10000 which are exactly 


divisible by each of 2, 3, 4, 5, 6 and 7. 
Determine the number nearest to 100000 but greater than 
100000 which is exactly divisible by each of 8, 15 and 21. 
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Things to Remember 


A factor of a number divides the number exactly. 
A multiple of a number is exactly divisible by the 
number. 
Every number is a factor as well as a multiple of itself. 
1 is a factor of every number and is the only number, 
which is neither prime nor composite. 
2 is the only even prime number. 
Prime factorization of a number is unique 
irrespective of the order of its factors. 
Primes occurring in pairs with a difference of two are 
called twin primes. 
The product of H.CF. and LCM. of two numbers 
equals their product. 
Coprime numbers have 1 as their only common 
factor. Thus the H.C.F. of any two prime or coprime 
numbers equals 1. 
The LCM. of any two prime or coprime numbers 
equals their product. 
The H.C.F. of two or more numbers is never greater 
than any of the numbers. 
The LC.M. of two or more numbers is never less 
than any of the numbers. 
The H.CF. of two or more numbers is a factor of 
their LC.M. 
A number is divisible by 
(i) 2, if the unit's digit of the number is 0, 2, 
4,6 or 8. 
(ii) 3,ifthe sum of the digits is divisible by 3. 
(iii) 4, if the number formed by its digits in 
ten's and unit's places is divisible by 4, 
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5, if unit’s digit is 0 or 5. 

6, if it is divisible by both 2 and 3. 

8, if the number formed by its digits in 
hundred’s, ten’s and unit’s places is 
divisible by 8. 

9, if the sum of the digits is divisible by 9. 
10, if the unit’s digit is 0. 

11, if the difference of the sum of its 
digits in odd places and the sum of its 
digits in even places (starting from unit's 
place) is either 0 or divisible by 11. 


CHAPTER FIVE 


Integers 


IN THIS CHAPTER, we shall extend: our number system from whole 
numbers to integers, represent integers on the number line, discuss the 
idea of absolute value of an integer, operations on integers and their 
properties and study what are called powers of integers. 


5.1 The Need for Integers and Their Introduction 


In the earlier chapters, we have studied whole numbers and operations 
on them. We saw that it is not always possible to subtract a number 
from another in whole numbers. For example, we have no whole 
number to represent 6 — 10, 10 — 17, etc. Therefore, there is a need to 
extend our number system so that we have numbers to represent such 
differences. 

Let us consider natural numbers, і.е. 1, 2, 3, 4, 5,. . . and for each 
natural number (whole number other than zero) we create a new 
number as follows: 


For 1 we create — 1 (called negative one or minus one), such that 
1 +(-1)=0. —1and 1 are called opposites of each other. 
For 2 we create — 2 (called negative two or minus two), such that 
2 + (-2) = 0. – 2 апа 2 агесаПеа opposites of each other. 
For 3 we create —3 (called negative three or minus three), such 
that 3 + (—3) = 0. Запа —3 are called opposites of each other, 


and so on. 


Thus, our new collection together with whole numbers becomes 0,1, 
—1, 2, ~2, 3, —3.... We rewrite this as 


„шк г“ Зу 22, —1,0, 1:2: Shes 
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These numbers are called integers. The numbers 1, 2,3... , i.e. natural 
numbers are called positive integers and ~1, ~2, —3... are called 
negative integers. 

The number 0 is simply an integer — it is neither positive nor 
negative. Positive integers are also written as +1, +2, +3..., 
however, the plus ( + ) sign is usually omitted and understood. 

A point to note here is that whenever opposites are involved 
simultaneously in a real situation, it is necessary to use integers to 
express the situation in mathematical terms. For example, profits and 
losses of a shopkeeper during certain period, heights of places 
expressed in terms of distances above and below sea level, temperatures 
of objects or places in terms of degrees above and below 0°C, etc., all 
need positive and negative integers for their representation. In such 
situations, one can represent profits, heights above sea level, 
temperatures above О°С, etc. by positive integers and their opposites, 
namely losses, heights below sea level, temperatures below 0°C, etc. by 
negative integers. 


Remark: We use the symbol ‘—’ to denote negative integers. We also 
use this symbol to indicate subtraction. The context will 
make it clear whether we mean negative integer or 
subtraction. For instance, when we say that the temperature 
at Srinagar was — 8°C, it is immediately clear that no 
subtraction is involved and that the negative integer ‘— 8’ is 
indicated. On the other hand, when we say, ‘determine 46 — 
17’ it is immediately clear that subtraction of 17 from 46 is 
required. 


5.2 Representation of Integers on Number Line 


Since negative integers are opposites of positive integers, viz. natural 
mum we represent them in the opposite direction, i.e. on the left 
E of zero on the number line. The opposite integers (e.g. 3 and — 3) 

kept at the same distance from zero which is regarded as neither 
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Positive nor negative. Thus, we have the integers on the number line as 
shown in Fig. 5.1. 


"ess Lo TP Milas TT A agg ыг, 
=5 =й “3 -2 =| 76. d r9. ee НЕ 
Fig. 51 


5.3 Ordering of Integers 


Let us carefully observe the number line given in Fig. 5.1 above. We 
recall that every whole number on the right of the number line was 
regarded as greater than every whole number to its left. Here also we 
follow the same convention. We find 
2 > 1 since 2 is to the right of 1. 
1 > 0 since 1 is to the right of 0. 
0 > —1 since 0is to the right of — 1. 
—1 > — 2 since —1 is to the right of – 2. 
We conclude: 
(i) Every positive integer is greater than every negative integer. 
(ii) Zero is less than every positive integer. 
(iii) Zero is greater than every negative integer. 
(iv) The greater the number, the lesser is its opposite. 
For example, 5 > 2, -5 < -2, -3 > —-$, 3 < 5. In 
other words, If a and b are two integers such that a > b, then 
=d < =p, 


5.4 Absolute Value of an Integer 


The absolute value of an integer is the numerical value of the integer 
regardless of its sign. Thus, the absolute value of an integer is always 
positive. On the number line it is regarded as the distance of the integer 
from 0 irrespective of its direction. Thus, the absolute value of 
E SEISUS, 
=)" S 
ERNIS 
07 715 
0 is 


SONNY 
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The absolute values of integers are essential in the further study of 
integers. We use two vertical lines, one on either side of the integer to 
show its absolute value. Thus, absolute value of —3 is expressed by 
writing | — 3 |, that of + 4 is expressed by | + 4 |. We find 

tog wel 6 | = 6 

[— 11 | 11 |+ 11] = п 
We conclude: 

If a represents an integer, 

|a| = a ifa is positive or zero 

|a| = – aif a is negative. 


EXERCISE 5.1 


1. Give the opposites of 
(i) Increase in population (ii) Depositing money ina 


bank 
(iii) Earning money (iv) Going east 
(v) 12 (VI 2 ee 
2. Indicate the following by using integers: 
(i) 3° above zero (ii) 5° below zero 
(iii) A withdrawal of Rs 25 (іу) A deposit of Rs 100 in 
from an account an account 
3. Which number in each of the following pairs is to the right of the 
other on the number line? 


(i) 1,7 (i) -2,-5 (ii) 0,-3 (iv) —5,8 
4. Using the number line, write the integer which is 


(i) 4 more than 3 (ii) 5 less than 2 
(iii) 8 more than —9 (iv) 7 less than —3 
5. Which number in each of the following pairs is smaller? 
(i) 8, –8 (ii) 0,—12 
ends, 5 (iv) 318, – 356 
6. Write all integers between 
(i) —5and2 . | (ii) Oand 4 


(iii) —4and4 (iv) —7andO 
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7. Replace * in each of the following by < or > so that the 
statement is true: 


(i) 0*5 ji) NES 
(iii) -3*0 (iv) —81* 18 
(v) -13* 13 (vi) —253 + —523 


8. Write the absolute value of each of the following: 
(i) 17 (ii) —23 (№) 0 (iv) —107 
(v) —-245. (vi) 1024 (vii) (x—2) if X is greater 
(viii) (x — 2) if x is less than 2 than 2 
9. Whichofthe following statements are true? 
(i) The smallest integer is zero. 
(ii) The opposite of zero is zero. 


(iii) —18 is greater than — 5. 

(iv) A positive integer is greater than its opposite. 

(v) Zero is not an integer since it is neither positive nor 
negative. 

(vi) The absolute value of an integer is always greater than 
the integer. 


5.5 Addition of Integers 


We know how to add two whole numbers. Since each whole number is 
either a positive integer or zero, we can add the integers if they are 
positive or zero. But what happens if both of them or one of them is 
negative? We should like to have a rule or tules for addition of integers 
which would give us answers consistent with our everyday experiences. 
For example, we know that a profit of Rs 5 and a loss of Rs 2 result in a 
net profit of Rs 3. Therefore, we must have 5 + (—2) = 3. A profit of Rs 3 
and a loss of Rs 5 result in a net loss of Rs 2. Therefore, we must have 3 
+ (=5) = — 2. Similarly, a loss of Rs 3 and again a loss of Rs 2 result in 
a net loss of Rs 5. We, therefore, would like to have (=3) + (7-2) = 
_— Sh 2 

Let us go back to the number line and recall that + 3 (ог 3) 
represents a movement of 3 units to the right of zero and ~ 3 represents 
a movement of 3 units to the left. With this background, let us represent 
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some addition facts for integers on the number line. 
Let us represent ‘2 + 4’ on the number line. We begin at zero and 
move 2 units to the right. We reach at 2. We further move 4 units to the 
right and reach at 6 (see Fig. 5.2). 


Fig. 5.2 


Thus, 2 + 4 = 6. We note that |2| + |4| = 6 

Let us now represent ‘2 + 4’ on the number line. We first move 2 
units to the left of zero and then from there move 4 units to the right to 
account for + 4 (see Fig. 5.3). We reach at 2. 


Fig. 5.3 


Thus, ~2 + 4 = 2. Wenotethat|4| — | 22] = 2. 

Finally, we represent —2 + (— 4) on the number line. We first move 
2 units to the left of zero to account for — 2 and further move 4 units to 
the left to account for — 4. Thus, we reach at — 6 (see Fig. 5.4). 
Therefore (=2) + (—4) = —6. We note that | – 2| + |- 4 | = 6 and 
-([-2]*1-4])» -6. 


= Aa oi i 
і г i ент. pe 
Sie 6 =5 4 -—3 2 - OF 1 2. 3. 4 5 6 
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In view of the above, we conclude: 
(i) To add two positive integers or two negative integers, we add 
their absolute values and assign the sign of the addends to the 
sum. 


Example 1: Add —2578 and — 636. 
Solution: We observe that both the integers are negative. 
Therefore, we use rule (i) mentioned above. 
|-2578| = 2578 | -636| = 636 
—2578 + (—636) = — (2578 + 636) =. — 3214 
(ii) To add a positive and a negative integer, we determine the 
difference of their absolute values and assign the sign of the 
addend having greater absolute value. 


Example 2: Add 384 and — 905. 
Solution: The integers are of unlike signs. Therefore, to find their 
sum we use rule (ii), mentioned above. 
|384| = 384 |- 905| = 905 
384 + (—905) — (905 — 384) 
— 521 


5.6 Properties of Addition of Integers 

end our number system from whole numbers to integers, 
n whole numbers remain intact. There may 
perties. It is so because all whole numbers 
erties of addition as follows 


When we ext 
all properties of operations O 
be one or two additional pro 
are also integers. We briefly state the prop 
where a, b, c represent integers. 
Property I: a+ b is an integer. — 
. Examples: (i) 2 + (-—7) = — 5, -5isaninteger 
(ii) -3 + (-8) = —11, — 11 is an integer. 
iii) 17 + (=6) = 11, 11 is an integer. 
Property П: a + 
Examples: (i) 
) 


(ii 


(—4) * 3since each equals ( — 1). 
(= (559) (— 3) since each equals 
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Property Ш: a+ (b +c) = (a +b) +c 
Examples: (i) [(—3) + (-2)] + 5 =(—3)+[(~2)+ 5] 
Since [(— 3) + (—2)] + 5 =(—-5)+5=0 
and (-3)*[(7-2)* 5] = (-3) +3 =0 
(ii) 0-1) + 4] *(76) = (71) + [4 + (—6)] 
Since [(— 1) + 4] + (-6) = 3 + (-6) = – 3 
and (=1) + [4 + (-6] = (-2) + (-2) = - 3 
As before, we usually write a + b + c for ће equal sums mentioned 
above. : | 
In view of Properties П and Ш even if we rearrange a given 
collection of three or more integers their sum is not changed. 
Property IV: a+0=O+a=a 
. Property V: We recall that if we add 1 to any whole number, we get 
the successor of that whole number. In case of integers 
also the same property holds. However, in case of 
whole numbers, 0 was not the successor of any whole 
number. In the case of integers, 0 is the successor of 
— 1, — 1 is the successor of — 2, and so on. 
Example 3: Find the sum of — 21, — 9, 63, ~22 апа — 28. 
Solution: (—21) + (-9) + 63 + (-22) + (—28). 
= [(—21) + (—9)] + 63 + [(—22) + (-28)] 
= —30 + 63 + (—50) 
[-—30 + (—50)] + 63 
—80 + 63 
= -17 


EXERCISE 5.2 


1. Draw a number line and represent each of the following on it: 
(i) -—6+8 (й) 5+(-9) 
үш) =з + (~8)- uv]. —1*(-2) 2 
B) —24 7-08) y STS) E (=S 
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2. Add the integers in each of the following: 


(i) —245, 111 (ii) 2567, -3 

Gi) 10001, —2 (iv) —99005, 360 

(v) —498, – 320 (vi) — 5894,0 

(vii) 3003, —999 (vii) 2884, —2884 

(ix) 2547, — 2548 (x) —623, — 5832, 623 
(xi) —982, 1934, — 18, — 2034 

(xii) — 4329, 4648, 4371 


) 100 + (—66) + (—34) 

) 1262 + (—366) + (—962) + 566 
(ш) 908 + (—8) + (—1) + 1 —300 
(iv) —391 +(—81) + 9 + (-18) 

) 


aandb 
a*b=at+b+(-1) 


For example, 2 *3 = 2 + 3 + (— 1) = 4. Determine: 
(i) 3*(-4) (i) 15*(-1) 
5. Which of the following statements are true? 

(i) The sum of a number and its opposite is zero. 

(ii) The sum of two negative numbers is a positive 
number. | 

(iii) The sum of a negative number and a positive number 
is always a negative number. 

(iv) The successor of — 297 is — 298. 

(у) The sum of three different integers can never be zero, 


5.7 Subtraction of Integers 


The positive and negative integers suggest pairs of opposite numbers 
for instance, 1 and — 1, 2 and —2, 3 and — 3, etc. We observe that the sum 
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in each pair is zero, namely, 1 + (—1) = 0,2 + (-2) = 0, etc. In any 
such pair each integer is called the negative (or additive inverse) of the 
other. 

Thus, for each non-zero integer, a, there is an integer ‘—a’ such that 
a + (~a) = 0. '—a' is called the negative (or additive inverse) of a. 
Negative of zero is zero itself. 

We recall that subtraction is a process inverse to that of addition. For 
instance, to subtract 3 from 7 is the same as to find a number which 
added to 3 gives 7. 

Suppose we want to subtract ‘— 3’ from 4. It means we want to find a 
number which added to ‘—3’ gives 4. Obviously, such a number is 7. 
Let us see how we do it with the help of number line. To subtract ‘— 3? 
from 4 suggests that if we are 3 steps to the left of starting point, i.e. 0, 
we need to determine the number of steps required to reach 4. From 
Fig. 5.5, we see that the number of steps required is 7. Therefore, 

4-(-3)=7 
Also,4 + 3 = 7 
ra 
8 шшр OF 3 Zoe 
Fig. 5.5 

Thus, we see that to subtract ‘— 3’ from 4, we add the negative (or 
additive inverse) of *— 3’ to 4. In fact this is the rule for subtraction of 
integers. The rule states: 


Ifa and b are two integers, to subtract b from a, we change the sign of b 
and add it to a, i.e. 


a-b=a+(-—b). 


Thus, we use + (—b)and -b interchangeably. 
Example 4: Subtract ‘— 13’ from‘—5’. 
Solution: We change the sign of ‘— 13’ and add to^—5* 
Thus, -5 — (-13 = —5 + 132 8 
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In view of the above discussions and various properties of addition we 
are now in a position to find the value of an expression containing 
various terms with plus and minus signs as follows: 

Step 1: We add all terms with plus signs together. 

Step 2: We add all terms with minus signs together. 

Step 3: We find the difference of the absolute values of the two 
sums obtained in Steps I and 2. 

Step 4: We assign to the result of Step 3 the sign of the sum 


having larger absolute value. 
Example 5: Find the value of 
—12 + (—98) – (– 84) + (-7) 


Solution: We rewrite the given expression as 
—12 — 98 + 84 - 7 = (— 12 – 98 –7) + 84 
j — 117 + 84 
= — 33 


5.8 Properties of Subtraction 
Property І: We have seen that the difference of any two integers is 

also an integer. In other words, if a and b are two 
integers and a — b = c, then c must be an integer. 
Note that this property does not hold for whole 
numbers. 

Property П: In whole numbers 0 had no predecessor. In integers, 
—1 is the predecessor of 0. Thus, if a is any integer, 
‘a— l'isits predecessor. 

Property III: As in the case of whole numbers, if a is an integer, 
а-0 = а. 


EXERCISE 5.3 


1. Subtract the first integer from the second in each of the following: 
(i) 3,8 (ii) 10,—4 (ii) —15,10 (iv –200, ~199” 
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.(v) 1001,101 (vi) 2,—7 (vii) —812,3126 
(viii) 8650, —6 (ix) —3987, —4109 (x) –155, 0 
(xi) 0,—1005 (xii) 83241,40321 
Subtract — 5 from 7. Subtract 7 from — 5. Are the two results the 
same? 
Replace * by ‘<’ or ‘>’ in each of the following to make the state- 
ment true: 


(i) +,.(759)*(—6) 2:679) 


(—6) 
(i) (-12) — (-12)*(—12) + (-12) 
(ш) (—20) – (+20)*20 — (+65) 
. ЕШ ір the blanks: 
(i) -6+—=0 
(ii) 19 + — = 
(ii) 12 + (-12) = — 
(iv) -4 + — = 12 
(у) = 256 + — = – 396 
(vi) — – 215 = —64 


The sum of two integers is 48. If one of the integers is — 24, 
determine the other. 

The sum of two integers is — 396. If one of them is 64, determine 
the other. 

Find the value of 

(i) —17-—(- 13) 

—T-8-—(-—25) 

(2 — 3) + (2 – 3) 

=13 + 32- 18-1 

50 — (—48) - (-2) 


I 


(zn 


~ 


< Е: 


— 
— 
ت‎ ч << 


v) —7+(—8)+(—90) 
(vii) 18—[(—3) + 15] 
(vii) —12 ¬ [(-15) + (-2) - 3] 


P and q are two integers such that p is the predecessor of q. Find 
the value of P — q. 


: If A is an operation such that for integers a and baAb--a 


+ b — (—2), find the value of 
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(i) 443. (@)(—2)А(—3) (iii) 6 A(—5) (iv) (—5)А6 
10. Which of the following statements are true? 
() 1> o (-2) 
(ii) -4+(-2) <2 
(iii) The negative of a negative integer is a positive integer. 
(iv) Ifaand b are two integers such thata > b thena — b 
is always a positive integer. 
11. Calculate 
1-2+3-4+ 5-6+...+ 19 – 20 
12. Calculate the sum 
24(-2)*2*(-2)*2*(-2)*... 
(i) ifthe number of twos (terms) is 319. 
(ii) if the number of twos is 230. 


5.9 Multiplication of Integers 7 


We recall that multiplication is repeated addition. For instance, 
3x5=5+5+Sorl5. 
the same way we can find the product of any two integers. 
hus, 
4 x (-5) =(—5) + (—5) +(-5) + (-5) 
— 20 
— (4 x 5) 
Let us now consider the product (— 4) X 3. We have 


(-4) x 3 = 3 x (-4) (Why?) 
= -4 + )-4( + )-4( 
= — 12 
= – (3 х 4) 


In view of ће above, we conclude: NM 
tive and a negative integer, we find the 


To find the product of a posi і 
product of their absolute values and assign minus sign to the product, 


Let us now find the product of two integers with like signs, ie. either 
both the integers are positive or рой of them are negative. 

If both the integers are positive, they are whole numbers and the 
product is obtained as in the case of whole numbers. 


[ATICS 
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Let us consider the case when both the integers are negative. Let the 
integers be ‘— 3’ and ‘— 2’: To do this, let us observe the following table: 
(—3) х4 = —12 


(зухд = = 0 
sco = ъи 
(XI *23 
(—3)х0 = 


0 
(-3)x(- 1 = ? 

We observe that as the Second integer decreases by 1, the product 
increases by 3, Therefore, the product (—3) x (— 1) should be 3 more 
than 0, i.e. 3. Similarly, (—3) x ( - 2) should be 3 more than 3, i.e. 6, 
and so on. We have, thus, found 

(-3)x(-2)-6 
= (3 x2) 
The distributive Property of multiplication over addition (which also 
holds good in integers) also helps us in getting the same result. We have 
(-3)x[2(-2)] = (—3) х (0) 
or,(—3)x 2 + (-3)x (-2)20 
or, -6 + (-3) x (-2) = 0 

This shows that ( =3) x (-2) is the integer which when added to 
'— 6' gives the sum zero, We know that 6 added tc ' — 6’ gives zero as the 
sum. Therefore, 

(-3)x (-2) =6= + (3 х2) 

In view о the above, we conclude: 


The product of two integers, both Positive or both negative, is a 
Positive integer equal to the product of the absolute values of the 
integers. 


Example 6: Determine each of the following products: 
(i) (—15) x (-18) (ii) (-23)x 7 
Solution: (i) (—15) x (—18) = + (15 x 18) 
1 270 
—(23-x 77) 
— 161 


(ii) (—23)x 7 
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5.10 Properties of Multiplication 


All properties of multiplication of whole numbers also hold for integers. 
We restate the properties in brief as follows wherein a, b, c are integers. 


Property I: a X bis an integer 
Examples: (i) 2х(—3)= — 6, — 6 is an integer. 
(ii) (—3) x (—7) = 21,21 is an integer. 


Property II: aXb=bXa 
Examples: (i) 3 Х(—4) = (—4) х 3 аз each equals ( — 12). 
(ii) (—6)х(—7) = (—7) x (— 6) аз each equals 42. 


Property Ш: a X (b хс) =(ахЬ)хс 


Examples: (i) (-2) x [3 x (—5)] = [(—2) x 3] x (-5) 
Since (—2) x [3 x (—5)] = (-2) x (—15) = 30 
and [(-2) x 3] x (-5) = (76) x (-5) = 30 
|.) (4) x (-5) x (-6)] алу  (~5)] x (~6) 
Since (—4) x [(-—5) x (—6)] = (—4) x (30) = - 120 
and [(—4) x (-5)] x(-6) = (20) x (-6) = — 120 


As before, we write a X b X c for the equal products mentioned 


above. 

In view of Properties II and Ш even if we rearrange the integers in a 
product of 3 or more integers, it does not change the product. 

We also observe that 


(i) When the number of negative integers in a product is odd, 


the product is negative. 
(ii) When the number of negative integers 1n 


the product is positive. 


a product is even, 


For example, each of the products ( — 3) X (2) (шз А,(-1) 
x 7 X Band(—4) x (—5) x (—6) X (—7) X (—3) must be negative 
and each of the products (—2) x (—5),(~2) x (76) x 3and(-7) x 
(78) x (=5) x (-9) x 7 x 4 must be positive. 
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Property IV: ах0=0ха=0 
Property V: aX1-—1Xac-a. 


We have the following additional property. 
Property И: aX(—1) = (1) Xa=—a 
We know that a and —a are opposties of each other. 


Thus, to find the negative of an integer, we need to 
multiply the integers by ( — 1). 


Property ИП: (i) aX(b--c) =ахь+ахсе 
(ii) aX(b—c)—aXb—aXc 
Examples: (i) (—3) x [(—5) + 4] = (-3) x (eS) 315904 
Sine | (-3)x[(—5)- 4] = -3)x(-1)23 
and = (—3) x (-5)+(-3)x 4=15- 12-3 
(ii) (=6) x [(—2) - 5] = (-6) x (-2) -(-6) x 5 
Sine (—6)х[(—2)— ]=(-6) x (-7) = 42 
and (76) x (-2) —(=6) x5 = 12 = (30) = 42 
EXERCISE 5.4 
1. Find each of the following products: : 
(i) 2x(-15) (ii) (—225) x 8 
(ii) (—17) x (—20) (iv) 3 x (-8)x 5 
(у) 9 x (—3) x (-6) (vi) (-12) x (-12) x (-12) 


( 

(-8)x(-43)x0 
(745) x 55 x (—10) 
(E4153) 
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2. Complete the following Multiplication Table: 


Second Number 


First Number 


Is the Multiplication Table symmetrical about the diagonal 
joining the upper left corner to the lower right corner ? 
3. Find the value of 
) (=8) x 0 x 37 x (-37) 
) 1569 х 887 — 569 х 887 
ii) (—183) x (—44) + (—183) x (—56) 
) 18946 x 99 — (— 18946) 
) 15625 x (-2) + (— 15625) x 98 
(vi) (7-8) x (10 — 5 — 43 + 98) 
4, What will be the sign of the product if we multiply together 
(i) 8 negative integers and 1 positive integer? 
(ii) 21 negative integers and 3 positive integers? 
5. Determine the integer whose product with ' — 1’ is 
(i) —40 (ii) 46 (ui) O 
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6. Compare, i.e. state which is greater: 
(i) (8 + 9) x 10and8 + 9 x 10 
(ii) (8 — 9) x 10and8 — 9 x 10 
(iii) 0-2) – (5)] x (—6)and(—2) -5 x (6) 
7. Which of the following statements are true? 
(i) The product of three negative integers is a negative 
integer. 
(ii) Of the two integers, if one is negative, then their 
product must be negative. 
(ii) The product of a negative and a positive integer may 
be zero. 
(iv) There does not exist an integer b such that fora > 1 
axb=bxXa=b 
(v) For all non-zero integers a and b, a X b is always 
greater than either,a or b. 


5.11 Division of Integers 


We know that division is inverse of multiplication. Each multiplication 
fact gives rise to corresponding division fact(s). For example, the 
multiplication fact ‘2 x 3 = 6’ gives the following division facts: 


6+2=3and6+3=2 


In the case of integers we have (— 4) x 5 = —20 and the corresponding 
division facts are: ` 


-20 +(-4)=5 and -20 + 5 = —4 


As usual, the number to be divided is called dividend and the 
number which divides is called ‘the divisor. The result of division 18 


called quotient. In the above example, we note that when dividend is ` 


negative and divisor is negative, the quotient is positive. When the 
dividend is negative and divisor is positive, the quotient is negative. Let 
us consider one more example and see whether or not the same thing 
happens, We take the multiplication fact (— 5) x (—8) = 40. We get 
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Corresponding Division Fact Dividend Divisor Quotient 


40 + )-5( = - 8 Positive Negative Negative 
40 + )-8( = -5 Positive Negative Negative 


In view of the above we conclude: 
(i) The quotient of two integers both positive or both negative is 
a positive integer equal to the quotient of the corresponding 
absolute values of the integers. 
(ii) The quotient of a positive and a negative integer is a negative 
integer and its absolute value is equal to the quotient of the 
corresponding absolute values of the integers. 


As usual, the divisor is a non-zero integer. In other words, division 
by zero is not defined. 


Example 7: Divide 
(i) 68 by —17 (ii) ~78 by 13 (iii) (— 60) by (¬ 12) 


Solution: (i) |68| = 68,|—17| = 17 
We have 68 + 17 = 4 


Therefore, 68 + (—17) = ~4 
(ii) (-78) + 13 = -(78 + 13) = -6 
(ш) (~60) + (—12)= +(60 +12) = 5 


5.12 Properties of Division 
Property I: If a and b are two integers, a + b is not always an 
integer. For example, none of (74) + 5,5 + (73) 
1 + 2isaninteger. 


Property П: For any integer a, 
a +a = 1(а #0) а+1=а 
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Property III: For any integer a, 
ае) aay: ( 2) > —1,(as*0) 
(-a) + a = —1(a# 0) 
Property IV: For any non-zero integer a, 0 + a = 0. 


EXERCISE 5.5 


1. Find the quotient in each of the following: 


(i) E 3) (ii) (—18) + 3 
(ш) (—18) + (—3) (iv) 36 + (—9) 
(v) (748) + (-16) (vi) 0 + (-12) 
(vii) (—1728) + 12 (viii) -— 15625 + (—125) 
(ix) (—729) + (-81) x) ,10569 + (—1) 
) 


(xi) 200000 —(—100), © (xii 
2. Fillin the blanks: 


17699 + (—17699) 


(i) 296 + — - 296 

(i) ЗУ с — == 1 
(iii) —— +578 =0 

(iv) —— + 1= -3065 
(v) — + 156 = - 2 
(vi) —— + 567 = – 1 


5.13 Use of Brackets 


In order to simplify a numerical expression with two or more of the 
fundamental operations, we follow the conventions given below: 
(i) Generally we perform operations sequentially from left to 
right in the order division, multiplication, addition, 
subtraction. 


For example, 


(a 36+6+3=6+3 = 9 


INTEGERS 93 


( 
(c) 


(ш) 


12-4+2=12-2=10 
55-7х3 + 35 – 4 

= 55—21 + 35-4 

E55 195—214 


= 90 - 21 - 4 
= 69-4 
= 65 


When the operations of division and multiplication occur 
simultaneously (as in 36 + 6 X 3) without an operation of 
addition or subtraction between them, which of the two 
operations, multiplication or division, is to be performed first, will 
be indicated by ( ) Thus, 36 + (6 х3) shows that first the 
operation of multiplication is to be performed. 


Many a time we come across situations where we need to be 
certain to indicate definitely which operations are to be performed 
first. To do this we use brackets (grouping symbols). For example, 
if we want to divide 36 by the sum of 2 and 4, we indicate the sum 
of 2 and 4 by (2 + 4) and write it as 


36 + )2 + 4( = 36 + 6 = 6 


If we do not use the symbol ( ), the expression becomes 
36 + 2 + 4 which means 18 + 4, ie. 22. In many situations 
arrangement of terms within a second group has to be indicated. In- 
such a case, we use different symbols so that we can easily know 
which terms are combined together. For example, when we say, 
‘114 divided by the number 1 less than the product of 4 and 5”, we 
treat ‘4 х 5' as one entity. We write (4 X 5) for this entity. We 
treat (4 X 5)— 1” as the second entity and write ((4 x 5) – 1) for this 
using another symbol { } to indicate the new arrangement. Thus 
the expression becomes 


114 + ((4 x 5) - 1) 
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Most commonly used grouping symbols are: 


Symbols Names 
9 Parentheses or common brackets 
[^5 Braces or curly brackets 
[ ] Brackets or square brackets 


The left part of each symbol indicates its start and the right part 
indicates its end. 

(iv) In some cases we may use another symbol ‘—’ called bar / 
vinculum which in order comes first. It occurs on the 
innermost terms and is placed like 

SG (SF EATON M 

In an expression, if more than one symbols are used, we first remove 
the innermost symbol by doing the operations involved and then 
proceed with the next innermost, and so on. While removing such 
symbols we keep in mind that we mean ‘multiplication’ when there is no 
sign of operation between a number and a grouping symbol. Thus, 

4(6-2) = 4 x (6-2) 
If an arrangement within brackets is preceded by a ‘+’ sign, to 
remove brackets, we do the operations as follows: 
9+(7-3+2)=9+7-3+2 
18-3 
= 15 : 

If an arrangement within brackets is preceded by a~’ sign and We 
want to remove brackets, then we change all the positive signs within 
brackets to negatives and vice versa. For example, 

9-(7-3+2)=9-7+3-2 
12-7-2 
-3 

Let us now consider some examples that will make these 

ideas more clear. 
Example 8: Find the value of - 
17 - [3 + {18 — (19 — 2)]] 


d 
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Solution: 17 — [3 + (18 — (19—-2)]] 


Example 9: Simpli 


-17 - [3 + {18-47} 
= 17 - [3 + 1] 
=17-4 
= 13 


plify: 
(EB + (6)E 2 (5) * (44) (2 = (3 — 55] 
Solution: The given expression is equal to 
(713) + (-3) - [20 - {2 - )-2([[ 


(713) + (73) = [20 — 4] 
(— 16) - (16) 
=: ; 


out 


EXERCISE 5.6 


1. Find the value of 


(i) 


(v) 
(vii) 
(ix) 
(xi) 


xi 
(xii) 


24 + 15 + 3 ii) 120 = 20 + 2 

12 -(3 x 5) +3 (iv) 3 - (5-6 + 3) 
28-5 x6 +2 (vi) 36 + (5 + 7) 
)-15( + 4 + (5-3) (vii) ا‎ 2 4) 
17 + (=3) x (-5)-6 |. (x) 2+3-2 

(—40) x (-1) + (-28) + 7 


(ese 248) + (—16) + (72) X 6 


2. Using brackets, write a mathematical expression for each of the 


following: 


Five multiplied by the sum of two and three 

Twelve divided by the sum of one and three 

Twenty divided by the difference of seven and two 

Eight subtracted from the product of two and three 
Forty divided by one more than the sum of nine and ten 
Two multiplied by one less than the difference of 
nineteen and six 
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(i) 20 + {10 ¬ 5 + (7 – 3)} 
(ii) 81 x [59 – {7 x 8 + (13 ¬ 2 x 5)}] 
(iii) 121 + [17 — (15 — 3(7 – 4j] 

(iv) 3[18 + {3 +4(4—2)}| 

(у) (14-7) x [8 + {3 + 7 —1]] 

(vi) 18 + {1 (15 — 2) x 4} 


(ii) 2-[2-(2- (2 - 2-2 2y] 
(viii) 118 — [121 + (11 x 11) -(-4) - {3 9 —7j] 
ү (—1)(—5) + (-25) x (—7) = (8—10)(—4) 


(x) 15—(—3){4 тү A938} = 3[5 + (-3) x (- 6] 
5.14 Powers of Integers 


In mathematics we have to deal with a number of problems involving 


multiplication of a number by itself several times. We use a convenient 
notation to indicate this. 


For We Write We Read 

2x2 2° Two raised to two or two 
Squared or second power 
of two 

2x2x2 2: Two raised to three or two 
cubed or third power of 
two 

UX DX DX 27 Two raised to four or 
fourth power of two 

2 XD X DEX De, 25 Two raised to five or fifth 

; power of two 


Thus, 2? = 4, 23 = 8, 24 = 16,25 = 32, and so on. Obviously, 2' = 2. 
In ‘25’ the number ‘2’ is called the base апа ‘5’ the exponent. 2°, i.e. 32 is 


the fifth r of 2. à 
cee 3j = "(= 3) езуно 
(3) = (-3) х (—3) x (-3) = = 27 
(—3¥ = (3) x (—3) x (3) x (=3) = 81 
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and so on. Obviously, (= 3)! = — 3. Itis easy to verify that 


Note: 


( = 1) odd positive integer = — 1 


^ 


( = 1) even positive integer — ] 


If a is an integer, a? is called a perfect square. Since 1? = 1, 2? 
= 4,32 = 9, 4 = 16, etc. ће numbers 1, 4, 9, 16, etc. are 
perfect squares. We note (= = ш (ә = (—3)? = 9, 
(— 4)? = 16, etc. 


If a is an integer, a? is called a perfect cube. Since 13 = 1,23 = 
8, 33 = 27, 4? = 64, etc. ће numbers 1, 8, 27, 64, etc. are 
perfect cubes. We note (— {obese Senses О; 
(-3p9 = 2710547 ج‎ 64, etc. 


EXERCISE 5.7 


Give the base and exponent for each of the following: 
() 525 E 
(iv) (76) (у) (-277 (м) 10° 
Write, using power notation: 
(i) 10 x 10 x 10 x 10 
(ii) (—13) x (=13) x (= 13) x (713) х (713) x (~13) 
Find the value of OM = 
(i) 50? (i) (—1)" (ai) 19 (у) (= 
(v) ECA (vi) 23 x 32 (vii) 22x 2 


= ( 
(x) (—4)#+(—4)* (<) (== (= 


Find the squares of first ten natural numbers. Observe their units’ 


digits. What do you note? 

Find the cubes of first ten natural numbers. 

Find: 

(i) 20? (ii) 100? (iii) 200? (iv) 70? (v) 150? (vi) 10002 
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7. Find the cube of each of the following: 
(i) —12 (ii) —13 (iii) —15 (iv) 11 (v) 100 (vi) 1000 
8. Verify each of the following: 
(DE Zax = 2) = (—2)7 
(ii) 10? x 103 = 105 
(ш) (=4) + (=4) =(-4) 
(Iv) З= 32 35 
9. Which of the following statements are true? 
(i) The difference between 65 and 56 is zero. 
) Square of any integer is positive. 
(iii) Cube of a negative integer is negative. 
(iv) 36 + 35 = 36-5 
(охо озал 


Things to Remember 


1. Every positive integer is greater than every negative 


integer. 

2. Zero is less than every positive integer and greater 
than every negative integer. 

3. The greater the number, the lesser is its opposite 
(additive inverse). 


4. The absolute value of an integer is the numerical 
value of the integer without regard to its sign. Thus, for 


integer a, 
la| = aifais positive or zero. 
ja] = -aifaisnegative. 


5. The sum of two negative integers is a negative integer 
having the absolute value equal to the sum of the 
absolute values of the given integers. 
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6. 


10. 


11. 


12. 


To find the sum of a positive and a negative integer, 
we determine the difference of their absolute values 
and assign the sign of the addend having greater 
absolute value. 

All properties of operations on whole numbers also 
hold in case of integers. In addition we have the 


following properties: 
(i) Ifa and b are integers, ‘a — b’ is always an 
integer. 
(ii) For any integer a, a х (—1) = (—1) x a 
= – а. 


(iii) There does not exist the smallest integer. 
To subtract an integer b from an integer a, we 
change the sign of b and add it to a. 
To find the product (or quotient) of a positive and 
a negative integer, we find the product (or quotient) of 
their absolute values and assign minus sign to the 
product (or quotient). 
The product (or quotient) of two integers both 
positive or both negative is a positive integer equal to 
the product (or quotient) of the absolute values of the 
integers. 
To remove grouping symbols from an expression, we 
first remove the innermost grouping symbol, next the 
innermost symbol of all that remain, and so on. 
(= Мурса pubes ceu i (= fige ees = 1, 
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UNIT TWO 


ALGEBRA 


ALGEBRA IS OFTEN CALLED the shorthand of mathematics because in it 
statements, instructions and results can be presented in a very 
concise form. If we look back to the pages of history, the word 
‘algebra’ is derived from the title of the book Aljebar w’ al 
almugabalah, written about др. 825 by an Arab mathematician, 
Mohammed ibn Al Khowarizmi of Baghdad. You will read about it 
later on. 

History tells us that the credit of using symbols for numbers goes 
back to the Ahmes Papyrus, written about 1500 s.c., in which an 
unknown number is designated by the word ‘hau’, meaning a heap. 

Ancient Indian mathematicians made copious use of symbols to 
denote unknown quantities. They gaye various names such as maama 
(Yavat-tavat) (meaning ‘so much as’) or æ (Varna), &х (Bija), etc. to 
unknowns and also ‘used the first letters a, 4 # (Ka, Nee, Pee), etc. 
of the names of colours such as am (black), st (blue), + (yellow), to 
denote them. The use of these letters and the method of raising 
them to different exponents were quite common in about 300 в.с. 

Great Indian mathematicians, Aryabhatta (born in ap. 476), 
Brahmagupta (born in д.р. 598), Mahavira (around A». 850), Sridhara 
(around Ар. 1025), and Bhaskara Il (born in Ар. 1114) contributed a lot 
to the study of algebra. The following problem from the famous 
work of Bhaskara Il, Lilawati, may be given as an example: : 


Out of a swarm of bees, one-fifth part settled on a blossom of 
Kadamba, and one-third on a flower of Silindhri, three times the 
| difference of those numbers flew to the bloom of а Kutaja. Опе 
| bee, which remained, hovered and flew about in the air, allured 
at the same moment by the pleasing fragrance of a Jasmine and 
Pandanus. Tell me, charming woman, the number of bees. 
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So far we have dealt with the numbers of arithmetic. We have 
also seen how these numbers can be put in general forms, with 
letters like a, b, c, etc. We have read about operations with numbers 
and also with letters representing them. We would now like to carry 
on further without referring at each step the numbers of letters they 
represent. In fact, we shall now work with symbols rather than 
letters and perform such operations like addition, subtraction, 
multiplication, etc. This is precisely what we do in algebra. 

The operations of addition, subtraction, multiplication and division 
on these letter symbols and powers on them are taken up in Chapter 
Six. In the same chapter, algebraic expressions and their addition 
and subtraction will also be discussed. We take up an important 
aspect of algebra in Chapter Seven. Simple linear equations in one 
variable are introduced and some rules have been explained to solve 
these equations in this chapter. 


CHAPTER SIX 


Algebraic Expressions 


IN THIS CHAPTER, We shall make a beginning of the study of algebra. Here 
we shall discuss the idea of an algebraic expression, its terms, 
evaluation, etc. Addition and subtraction of the algebraic expressions 
will also be discussed. 


6.1 Use of Letters to Denote Numbers 


So far, we have been mostly using number symbols (or numerals) 0, 1, 
2, 3, etc. to represent numbers and the signs of operations of addition 
(+), subtraction (—), multiplication ( X ) and division ( +) to do many 
arithmetical calculations. Consider the following examples: 


(i) Let us examine the squares shown in Fig. 6.1. 
The perimeter of the square 
[Fig. 6.1(i)] of side 3 units is i 
(3 + 3 + 3 + 3( units = 12 3 
units or 4 X 3 units. The 
perimeter of the square [Fig. 
6.1 (ii)] of side 4 units is (4 + 4 (i) (ii) 
+ 4 + 4) units = 16 units or 
4 X 4 units. Similarly, (6 + 6 (iii; 
+ 6 + 6) units = 24 units or 
4 x 6 units is the perimeter of 
the square given in Fig. 6.1 (iii). 6 
We note that in each case the 
perimeter. is four times the 
length of its sides, i.e. 
Perimeter = 4 X (length of the 
side) 6 
Fig. 6.1 
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symbol is used between two literals or between a literal number and a 
number, it is understood as a multiplication operation between them. 
Thus, 


K+xX+xt+x=4Xx= 4x 


Similarly, the product of literal numbers x апа. у is written as xy and 
both x and y are called the factors of xy. Also note that xy = yx, x X 1 
= x, x X 0 = 0, (xy)z = x(yz). Conventionally, the product of the type 
a X 4 is not written as a4 but as 4a. Similarly, it is also a convention 
that 1 X xis not written as 1x but simply as x. It may also be noted that 
in the case of literal numbers x(y + z) = xy + xz. 


(iv) Division 

The division sign ‘+’ read as ‘by’ between two numbers means that the 
number on the left of the division sign is to be divided by the number 
on the right. In the case of literal numbers also a + b read as ‘a by b’ 
means that the literal number a is to be divided by the literal number b 


a kd А ы. 40 
and is writen as b Thus, 40 divided by p is written as E or 
X divided by y is written as 2 А 

у 
Let us illustrate these notions through some examples: 


Example 1: Anjali scores 100 marks in mathematics and x marks in 
science. What is her total score in science and mathe- 
matics? 

Solution: Score in mathematics = 100 

Score in science = x 

Therefore, total score = 100 + x. 

Write the following using numbers, literal numbers and 

signs of basic operations: 

(i) 3 тоге than twice a number X. 

(ii) quotient of z by 6 is multiplied by y. 


-Example 2: 


ALGEBRAIC EXPRESSIONS 107 


Solution: (i) Twice a number x = 2 X x = 2x 
Therefore, 3 more than twice a number x = 2x + 3 


(ii) Quotient of z by 6 = 2 . Therefore, quotient of z 


by 6 is multiplied by y, means 2 ху = Уруг 
6 6 6 
Example 3: Eight times a number p is x less than a number y. 
Express this statement using literal numbers, numbers 
and signs of basic operations. 
Solution: Eight times a number p means 8 X p,ie.8p 
x less than a number y means that x is subtracted from 
y,ie.y-x 
Therefore, 8p = y —x 


EXERCISE 6.1 


1. Write the following using numbers, literal numbers and signs of 
basic operations, State what each letter represents? 
(i) The diameter of a circle is twice its radius. 
(ii) The area of a rectangle is the product of its length and 
breadth. : 
(iii) The selling price equals the sum of the cost price and 
the profit. 
2. Write the following using numbers, literal numbers and signs of 
basic operations: 
(i) The sum of numbers 6 and x 
) 3more than a number y 
) One-third of a number x 
iv) One-half of the sum of numbers x and y 
(v) Number y less than a number 7 
) 7 taken away from x 
) 2less than the quotient of x by y 
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6.3 Powers of Literal Numbers 


Recall that when a number is multiplied by itself, we write the product 
in exponential form, eg. 4 X 4 = 4,4 x 4 x 4 x 4 x 4 = 45 Since 
a literal number represenis a number, this shorthand way of writing the 
repeated product of a number with itself in the exponential form is 
applicable to it also. Thus, a X a is written as a? anda X a x a is 
written asa°,aXaXaXax a is written as aô, and so on. 

We read a? as the Second power of a or square of a or a raised to the 
exponent 2 (or simply, a raised to 2) or a squared. Similarly, a5 is read 
as fifth power of a or a raised to exponent 5 (or simply, a raised to 5), 
and so on. 


In a’, 2 is the exponent (or index) and a is the base. Similarly in аз, 3 
is the exponent and a is the base. In x^, 4 is the exponent and x is the 
base. The exponent in a power indicate the number of times the base 


(literal number) has been multiplied by itself. For example, 


y = у ху ху X yx ...repeatedly multiplied 8 times 
x = x XxX xX xx ... repeatėdly multiplied 15 times 


Note that when a! appears after simplification or otherwise, we write it 
as a and not a! just as we do not write la but a only. Let us take 
some examples to illustrate these concepts: 
Example 1: Write down the following in product form: 
. @) 4a? (ii) x* (її) 7p2q? 
Solution: (i 4a3 = 4 x a3 = 4 хахаха 
(ii) X —XXXXXXXXXXXXXXX 
(iii) Tp =7 xp xp xq xq xq 
Write 6 x px px px x x x x x х x in the 
exponential form. 
Solution: We know that p x p x р = рз, 
and x X x X x X x = x 
Therefore,6 X p X p X p X x X x X x хх = 


Ехатріе 2: 


6px 
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Example 3: The volume of a cuboid is given by the product of its 
length, breadth and height. The length of a cuboid is 3 
times its breadth and the height is one-half of the length. 
Find its volume if the breadth is b cm. 

Solution: Itis given that breadth = bcm 
length = 3 x breadth = 3bcm 


1 1 3 
1 t = — 1 = — Ж = — 
heigh 2 ength 2 3b cm 2 bcm 


Therefore, volume of the cuboid = Length X breadth х height 


EXERCISE 6.2 


1. Write the following in exponential form: 
(i) axaxax...10 times 
(i) 17 хххххххухуху 
(ш) ухухухух...20 times 
(iv) 7xaxaxbxbxbxbxbxc 
2. Write down the following in product form: 
(i) a?b5 (ii) 822 (iii) 9ab? (iv) 10x0y?2 
3. The population of a certain species of insects is x now. It becomes 
у times itself after one week. What will be its population after 2 
weeks? 
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6.4 Variables and Constants 


Consider the following examples: 

(i) The perimeter of a square of side s is 4s, ie. р = 4s. Here 4 
is a fixed number whereas p and s are literal numbers and 
hence are not fixed, because they depend on the size of the 
square. 

(ii) The distance d in kilometres travelled by light in t seconds is 
given by d = 2.99 x 105t Here 2.99 x 105 is a fixed 
number, but time t and distance d vary because they depend 
upon time of travel under consideration. 

From the above examples, we observe that a quantity which takes on 
a fixed numerical value is called a constant and a quantity which takes on 
various numerical values is called a variable. In the above examples, 4 
and 2.99 x 10? are constants and the literal numbers р, 5, d and t are 
variables. However, it must be noted that in some situations literal 
numbers are also treated as constants. In such situations, it is presumed 
that the particular literal number will only take a fixed value. 


6.5 Algebraic Expressions 


Let us consider the following example to understand the concept of an 
algebraic expression: | 


Example 1: Rohini arranged a tour for Class УТ students from Delhi 
to Wardha. They travelled 4 km on foot, 3y km by bus 
and 2z km by train to complete the journey. Find the 
total distance travelled by them between Delhi and 
Wardha. 

Solution: Distance travelled on foot = 4km 
Distance travelled by bus = 3y km 
and distance travelled by train = 2z km 
The total distance covered = (4 + 3y + 2z)km 


Here, 4 + Зу + 2z is an algebraic expression or an algebraic phrase 
which B the distance in kilometres from Delhi to Wardha. Thus, à 
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number or a combination of numbers (including literal numbers), using 
the signs of fundamental operatior(s), is called an algebraic expression. 
For example, 


1 
45 2x, 4x —9,p + 2q— 3r, 3a? + 4b?,a? + b? + c? + 3abe, ab + ac, 


2 
= + 2, etc. are all algebraic expressions. 3x, — 4y are the terms of the 


expression 3x—4y; 5xy, 622, —7 are the terms of the expression 


BX E бх 


An expression which contains one term is called a monomial (in 
Greek mono means ‘single’). 2x, 5x?y, — 6abc, etc. are examples of 
monomials. An expression which contains two terms is called a 
binomial (in Latin bi means ‘double’). pq + 1, a? — b?, xyz + 6, 
etc. are all examples of binomials. Similarly, an expression which 
contains three terms is called a trinomial (in Latin tri means ‘three’). Can 
you tell what a quadrinomial is? It is an expression which contains four 
terms like x? + y? + z? + 3xyz, and so on. Let us take an example to 
illustrate this classification: 


Example 2: Identify the monomials, binomials and trinomials 
among the following expressions: —7, X + y, 4.5a, 
a!—b?,a? + 2ab + Б>, ах + by + с, 5xy. 
Solution: Monomials are: — 7, 4.5a, 5xy 
Binomials are: x + y, a? — b? 
Trinomials are: a? + 2ab + b*,ax + by + c 


A term of the expression which has no literal factor is called a 


: 4 
constant term. For example, in x + 2 and 3 + a? + b’, the constant 


4 В 
terms аге 2 and 3 respectively. In the term 3ab, for instance, 3,aand b 


are called the factors of the term. Clearly, the number 3 is the numerica] 
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factor, and a and b are literal factors. Any one of these factors is called 
the coefficient of the product of other factors (with sign) of the term. 
Thus, the coefficient of b in 3ab is 3a, coefficient of a in 3ab is 3b. 
Similarly, the coefficient of x in the term — 8xy is — 8y, the coefficient 
of y is —8x and the coefficient of xy is —8. Sometimes only the 
numerical factor is referred to as the coefficient of the term. In this 
sense, we can сай — 8 as the coefficient of — 8xy. When the coefficient of 
a term is +1 or —1 the ‘1’ is usually omitted. For instance, we write 1p 


as p and — 1qas —q. 
Let us take an example: 
Example 3: Write down the terms of expression: 


4 . 
8хќу — 7xyz + Bye — 2.5xyz. What is the coefficient 
4 
of x? in the term Зх у??? 
Solution: The given expression has four terms, namely, 8x‘y, 


4 
— 7x*yz, 5 x’yz*, — 2.5xyz. The coefficient of x? in 
4 4 
3 xyz? is 3 yz’. 


6.6 Like and Unlike Terms 


When the terms have same literal factors they are called like terms (or 
similar terms) otherwise they are called unlike terms (or dissimilar 
terms). For example, in the expression, 


8х?у + 6xy? — 2ху — 7ух? 
‚ 8x’y and — 7yx? are like terms, whereas 6xy? and — 2xy are unlike terms. 
Let us take an example to illustrate these concepts: 


Example: In the following which pairs contain like terms? 
(i) 3x, —7x (ii) 16x,16y (iii) 9ab, —6b 
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Solution: (i) We see that the terms 3x and —7x have the same 
literal factors so they are like terms. г 
(ii) The numerical factors are same but the literal 
factors are different so they are unlike terms. 
(iii) 9ab and —6b are unlike terms. (Why?) 


6.7 Finding Value of an Algebraic Expression 


An algebraic expression involves one or more literal numbers which 
represent numbers. Thus, to find the value (i.e. numerical value) of an 
algebraic expression we need to know the numerical values of all the 
literal numbers appearing in that expression. Then we simply replace 
the literals by their numerical values to obtain an arithmetic expression 
and evaluate it by the usual method of arithmetic. The process of 
replacing the literals by their numerical values is called substitution, i.e. 
we substitute the numerical values for the literals. Let us take an 


example to illustrate this: 


Example: Ifx = 1,y = 2andz = —3, find the value of 

(i) 2xy* — 15x*y + z 

(ii) x3 + y3 + 23 + 3xyz 

We substitute x = 1, у = 2 and z = —3 in each of the 

expressions. We have: 

(i) 2xy* = 15x'y + z = 2(1)(2)* — 15(1} (2) + (—3) 
=2)X 16=215 002 = 3 
= з2 = 3) з= = 

(ii) x? + y? + 23 + 3xyz 
= (1) + 2? + (-—3) + 3(1)(2)(—3) 
=1+8 —27 = 18 = —36 


Solution : 


EXERCISE 6.3 


1. Write all the terms of each of the following algebraic expressions: 
(i) 3x + 5y* – 7x2y + 7 
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(ii) 9у3 — 22 + 7x°y — 3xyz 
(iii) a? — 3ab — b? 6 
2. Identify monomials, binomials and trinomials from the following 


expressions: 
(n) se ur AE (ii) 4x? (ii) 3x? + 4y + 5z 
(iv) aR HDX +с (у) 2+7 (vi) Sab? 
(vii) a? + b? + с? – d? (viii) 4ab 


3. Write down the coefficient of x in the following: 
(i) Зх (ii) —4ax (iii) Sxy? (iv) xyz 


4. Write the coefficient (numerical) of each term of the expression 
хх учы SKY = 2, 
5. Write down the different powers of x in the expression 
3x? = 2xy + AY. 
6. Identify like terms in the following: 
OE EEE O SLL 3x, > 
(iti) XY Kez YK, ху” 2 
(iv) cab, abc, bac, cab, abc, abc, acb? 
7. Evaluate each of the following expressions if x = 2,у = —3, 
z= —2,a = 2,0 = 3: 1 
(i) 2a2+ 2b (ii) 2a2 + х2 – уз (ій) x- у? + 2° 
(iv) 4xy? —3yz? + 4х22 (v) x3 + y? + 3xyz + ab 
(vi) 5 + 42 — 6y + 7a + xy 


6.8 Operations on Algebraic Expressions 


Having stated what algebraic expressions are we need to know how to 
operate them. Now, we know that an algebraic expression may consist 
of like terms and unlike terms. The operations of addition and 
subtraction on algebraic expressions means addition (or subtraction) of 
like terms. How do we add (or subtract) like terms? Consider, for 


inst ‚ Ax and 7x. If we have to add them, can we write 4x + 7x = 
(4 + Tho Yes. Using the property that x(y + z) = xy + xz, we 


simplify the sum. 


Se 
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Thus, 4x + 7x = (4 + 7) x = 11x. Similarly, the sum of the like 
terms Зх, 8x and — 5xis Зх + 8x — 5x = (3 + 8)x — 5x 
= [(3 + 8) – 5k 
= (11—5)x = 6x 
Therefore, we see that the sum (or difference) of several like terms is 
another like term whose coefficient is the sum (or difference) of the 
coefficients of those like terms. Let us consider some examples to 


illustrate: 


Example 1: Add 4x)y, + 8x’y and — 2x’y. 
Solution: The sum will be another like term with the coefficient 
4 + 8 + (—2) = 10. Thus, 4x’y + 8х?у — 2x’y = 10x’y. 
Alternatively, we can use the distributive property of 
multiplication over addition and write 
4xly + 8х?у—2х?у = (4 + 8—2)х?у = 10x)y. 
Example 2: Subtract 30xy from 12xy. 
Solution: 12ху — 30xy = (12—30)xy = — 18 ху 


In adding or subtracting algebraic expressions, we collect different 
groups of like terms and find the sum or difference of like terms in each 
group by the rule stated above. The collection can be done by adopting 
the following two methods: 

(i) Horizontal method: All expressions are written in a 
horizontal line (row) and then the terms are arranged to 
collect all the groups of like terms together and then added 
or subtracted. 

(ii) Column method: In this case each expression is written in a 
separate row such that their like terms are arranged one 
below the other in a column. Then addition or subtraction of 
the terms is done columnwise. 


Let us take some examples to illustrate these methods: 


Example 3: Add the expressions 3х? + 4y — 525, Sy + 2х2, 7x2 — Ву 
and 4x? — 9y — 57°. 
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Solution: Column method: We write the expressions so that their 
like terms are in a column as shown below (For this 
purpose, the order of the terms in the expressions can 
be changed): 


3x? + 4y — 5z? 

2х2 Sy (Order has been changed) 

7x? — 8y 

4x? —9y — 523 

16x? — 8y — 1023 

Horizontal method: 

Зх? + 4y — 523 + (Sy + 2x?) + (7x2 — 8y) + 
(4х2 — 9y — 523) 

= Зх? + 2a? + 7x? + 4x? + dy + Sy — By — 9y 
92250572 

= (3+2 + 7 + 42 + (4 +5 – 8 – 9)у + 
(д = суы 

= 16x? — 8y — 1023 

Example 4: From (4x + 3y) subtract (2x — 4y). 
Solution: We have 

(4x + Зу) - (2x — 4y) 

= 4x + 3y ¬ 2x ¬ (Ey) 

= 4x + Зу — 2х + 4у 

= (4-2)x + (3 + 4)у = 2x + Ty 


Recall that the negative of a negative number is positive, i.e. 2 — ( — 4) 
= (2 + 4) = 6 and the negative of a positive number is negative, i.e. 
2-(4) = 2-4 = —2. So we can say that to subtract an expression 
from another, we should change the sign (from ‘+’ to — or from '— 
to ‘+ ’) of each term in the expression which is to be subtracted and 
then add the two expressions. In the subtraction of two expressions, in 
the column method, we indicate the change of sign of every term in the 
expression to be subtracted below the original sign of each term. 
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For example, we can subtract 2x — 4y from 4x + 3y as shown 


below: 


Example 5: 


Solution : 


Example 6: 


Solution : 


From the sum of 3x + 2y + 3z and 3x — 4y + 5z 
subtract 6x + 7y — 27. | 
We write the expression in separate rows so that their 
like terms are in a column with the change of the sign in 
the last row of the expression (which is to be 
subtracted). We have: 


3x + 2y + 3z 
3x — 4y + 5z 
бх + Ty 2z 
=- + 
_+0x – 9у + 102 
Thus, we have Ox — 9y + 102 = —9y + 102 
From the sum of 4x* — 3x? + 6х2, 4x3 + 4x — 3 and 
— 3x*— 5x? + 2x subtract 5x* — 7x? — Зх + 4. 
We write the expressions row-wise with like terms 
arranged in a column and change the signs of all terms 


in the expression to be subtracted before performing 
the addition of the coefficients columnwise. We have: 


4x* — 3х3 + бх? 
+ 4x3 + 4x = 3 
— 3x4 —5x2 + 2x 
5x – 7x3 =3x +4 
= + т = 


—4x¢+ 8х5 + x +9х-7 


SOS Wen 
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EXERCISE 6.4 
Add the following: 
(i) x3, — 3x3, 2x3, — 4x3 
(i) 2х2у, — 4x?y, 6x?y, — 5х2у 
(iti) 2xyz, — 5xyz, 7xyz 
Simplify the following: 
(i) 23а? — 15а5 (ii) -—15ab — 3ab 
(їн) 12x? — 15x? 
(iv) —3x’y — 5х2у (v) -x24 3x? — 7x? + 122 
(vi) 2z?b — 5z?b — 6a?b — 3a?p 
Add the following expressions: 
) a+ 2b F3canda + b -c 
) x + 2y + zx + y + 2zandx - y - z 
(iii) x? + y?and2x? + 3y + 3 
) 2ху — yz — zx, 2yz — zx — yx and 22x — = 
(v) a? + 2ab + b? a? — 2ab + b? and a2 — ar X 


Add the following: 
(i) 2x? + 4у2 + 6 (ii) 4xy — 2yz + 72x 
aS ERS — 3xy + 5yz — 8zx 
= 3x? – 2y?+ 4 — 6xy — 2zx 
Subtract: 


(i) 5a — 3bfrom 2a + b — 2 

(ii) —x'-3zfrom5x? -y + z + 7 

(iii) —2a +b + 4dfrom 4a - 2b - c 
Subtract — l1r^s? + 715 — 6 from 9r^s? — 4rs + 8. 
What should be added to а? + 2ab + b? to obtain 4ab + b2? 
Subtract the sum of 13x — 4y + 7z and — 6z + 6x + 3y from 
the sum of 6x — 4y, — 42 + 2x and 4y – 7, 
From the sum of a? + 4b? — 6ab, a? — b? + 2ab, b? + 6 and 
a? — 4ab subtract — 2a? + b? — ab + a. 
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6.9 The Use of Grouping Symbols 
At times, it is necessary to indicate that an expression consisting of two 
or more terms is to be considered as a single number. The symbols for 
groupings, namely parentheses ( ), brackets| | or braces { }, are used to 
set apart such expressions. For example 2h X / + b) means that /is to 
be added to b and this sum is to be multiplied by 2h. 

Thus, we need to insert or remove the grouping symbols while 
performing (algebraic) operations on expressions to simplify the result. 
Recall that while adding two expressions, e.g. 


(a? — 4ab + 7) + (—4a? + 3ab — 8) 
we first remove the parentheses from each expression and write 


a? — 4ab + 7 — 4a? + 3ab — 8 


This means that if a plus sign precedes a grouping symbol, we remove 
the parentheses and write the expression as it is without any change. 

Similarly, while subtracting an expression from another expression, 
e.g. in (а? + b? — 2ab) — (а? — b? + 3ab), we remove the parentheses 
and write the first expression as it is. (Why?) What sign precedes the 
parentheses in the second expression? Minus sign. This, of course, 
means that we have to subtract the second expression from the first one. 
We, therefore, remove the parentheses and change the sign of each term 
in the expression. Thus, we obtain the following: 


ах b* > 2а6 Ela: Eb? > Sab 
So we state the following rules for the removal of grouping symbols: 
(i) If a ‘+’ sign precedes a symbol of grouping, the grouping 


symbol may be removed without .any change in the sign of 
‚ the terms. : 
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(ii) Jf a'—' sign precedes a symbol of grouping, the grouping 
symbol may be removed and the sign of each term is 
changed. 

(iii) If more than one grouping symbol is Present in an 
expression, we remove the innermost grouping symbol first 
and collect and combine like terms, if any. We continue this 
process outwards until all the grouping symbols have been 
removed. 

Let us illustrate these rules through some examples: 


Example 1: 
Solution: 


Example 2: 


Solution : 


Simplify 4x — [9x? — { — 5x3 – (2 — 7x?) + 6x}]. 
Remove the innermost grouping symbol ( ) first, then { } 
and then bracket [ ]. Thus, we have: 
= 4x3 — [9х2 – (- 5x3 — (2—72) + 6x}] 
= Axe Ox (SCD 732 4- 6xj] 
= 4x3 — [9х2 + 59 + 2 — 72 — 6x] 
= 4x3 -[(9—7)3? + 5x3 + 2 — 6x] 
= 4x3 — [2х2 + 5x3 + 2 – 6x] 
= 4x3 — 2x? — 5x3 — 2 + 6x 
= 4x3 — 5x3 — 2x? + 6x — 2 
=× — 2x? + 6x - 2 
Simplify and find the value of the following expression 
when a = 3and b = 1: 
4 (a? + b? + 2ab) – [4 (a? + b? – 2ab) — {—b? + 
4 (a — 3)}] 
We work outwards from the innermost symbol. Thus, , 
4(a? + b? + 2ab) — [4(a? + b? —2ab) — [-b? + 
4a-3)] . 
= 442 + 4b? + 8ab — [4a? + 4b? — gab — {- b? 
+ 4a- 12]] 
= 4a? + 4b? + 8ab — [4a? + 4b? — gab + b? — 
4a + 12] 
= 4a? + 4b? + 8ab — 4a? — 4b? + gab — b? + 
4a — 12 


І 
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= 4a? — 4a? + 4b? — 4b? + 8ab + 8ab — b? + 


4a 4 12 
= (4-4)? + (4-4)? + (8 + 8)ab — b? + 
4a— 12 


= 16ab — b? + 4a — 12 
The value of the simplified expression (for a — 3 and b 
= 1)is 16 x 3x 1 ¬ (1) + 4x 3- 12 
= 48 - 1 + 12 - 12 = 47 


Now, how do we insert the grouping symbols around expressions? 
We use similar rules as (i) and (ii) discussed earlier. If a grouping 
symbol preceded by a ‘+’ sign is to be inserted, we simply insert the 
symbol around the expression. In this case, we do not disturb the signs 
of the terms in the expression. However, if a grouping symbol preceded 
by a ‘—’ sign is to be inserted, we change the sign of each term in the 
expression and insert the symbol preceded by the '—' sign. Let us take 
an example to illustrate this rule. 


Example :: Place the last two terms of the following expression in 
parentheses preceded by a minus sign: 
د ل ج و و‎ 
Solution : We have to insert parentheses around the last two terms 
preceded by a minus sign. We have: 
xX HE Sh = SYA E scar y= (SZ 0) 


EXERCISE 6.5 


1. Simplify the following: 
(i) (a? + b? + 2ab) — (a? + b? —2ab) 
) —5(a + b) + 2(2a ¬ b)+ 4a - 7 
(ш) —x? + GX + 2у?) + (x? —4)] 
(iv) 3x^z — 4yz + 3xy ¬ [xz ¬ (xz — Зух) ¬ 4yz — 7z) 
) -m - [m + {m + n - 2m - (m – 2n)} - n] 
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hes Sle - 5b) — 2 2a? — (Зе — 2Ь)} 
(vii) 85 — [12x — 7(8x—3) – 2{10x > 5(2 — 4x)}] 
(уш) 15x — [8x3 + 3x? — {8х2 — (4 – 2x — x3) - 5x3} - 2x] 
(x) xy — [yz — zx = {yx = (3y — xz) — (xy ¬ 2у))] 
(x) 5 + |х - (2y - (6x + y - 4) + 2x] - (x? – 2y)] 
2. Place the last two terms in each of the following expressions in 
parentheses preceded by a * —' sign: 
(i) 9a + 5xy — 7x? + 8y- 6 
ш REX ул а? 
Шу ху YZ у VAS 
) 


(vi 


( 
(iv) xy? + yz? + zx? 
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Things tژo‎ Remember 


1. The letters which are used to represent numbers are 
called literal numbers or literals. 

2. The literal numbers themselves’ as well as the 
combinations of literal numbers and numbers obey 
all the rules (and signs) of addition, subtraction, 
multiplication and division of numbers along with the 
properties of these operations. 

i х X y = xy, AXx = Ax, 1Xx=x,xX7 = 7x 

4. уху X y X ...8times = ya X a X a  ...6 times = a. 
Generally, in x?, p?, у, аб, etc., 2, 3, 8, 6 are called 
indices or exponents and x, p, y and a are bases. ^ 

5. A quantity which takes a fixed numerical value is 
called a constant. 
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14. 


А quantity which takes on various numerical values 
is called a variable. 

A number or a combination of numbers (including 
literal numbers), using the signs of fundamental 
operations, is called an algebraic expression. 

Two or more signs (‘+’ or ‘—’) separate an 
expression into several parts. Each part along with its 
sign is called a term of the expression. 

An expression which contains: one term is called a 
monomial, which contains two terms is called a 
binomial and which contains three terms is called a 
trinomial. 

The terms having same literal factors are called like 
terms, otherwise they are called unlike terms. 

The sum (or difference) of several like terms is 
another like term whose coefficient is the sum (or 
difference) of those like terms. 

In adding or subtracting algebraic expressions, we 
collect different groups of like terms and find the 
sum or difference of like terms in each group. 

To subtract an expression from another, we can 
change the sign (from ‘+’ to ‘—’ and from ‘—’to ‘+’) 
of each term of the expression to be subtracted and 
then add the two expressions. 

When a grouping symbol preceded by a ‘—’ sign is 
removed or inserted, then the sign of each term of 


the corresponding expression is changed (from ‘+’ to 


*—'and from ‘—’ to‘+’). 
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CHAPTER SEVEN 


Introduction of Linear Equations 


IN THIS CHAPTER, we shall study the meaning of an equation, in general, 
and of a linear equation, in particular. We shall find the solution of a 
linear equation in one variable by trial-and-error and also by a 
systematic method involving addition, subtraction, multiplication or 
division of the same number on both sides of the equation. We shall also 
formulate equations for some simple real-life problems and solve them. 


7.1 Linear Equations 


We have already come across statements of the following type in earlier 
chapters: 


Өл 5) (1) 
4x(5+6)=4x5+4x6.. (2) 
a(b + c) = ab + ac (3) 


Let us now consider the following statements: 
(i) x more than a number 4 is 9. 
(ii) 7 less than a number x is 6. 
(ii) 9 times a number x is 12. 
(iv) A number y divided by 6 gives 2. 
v) ymultiplied by itself is 5 more than it. 
) Thesum of number x and twice the number z is 15. 
(vii) The third power of m is 27. 
i) 3lessfrom twice a number p is 15. 


Clearly, we can write the above statements (i) to (viii), respectively, as 
follows: 
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4+x=9 (4) 
x— 7.26 (5) 
9xx=12 (6) 
у+6 = у (7) 
y? yas (8) 
x + 22 = 15 (9) 
т? = 27 (10) 
2p -3 = 15 (11) 


We observe that in each of the statements (1) to (11), the symbol ‘=’ 
(is equal to) appears. A statement involving symbol ‘=’ is called a 
statement of equality or simply an equality. Thus, each of the statement 
(1) to (11) is an equality. We note that statements (1) and (2) do not involve 
any literal number (variable) while all the remaining statements (3) to 
(11) involve one or more than one literal number. A statement of 
equality which involves one or more literal numbers is called an 
equation. 'T'hüs, each of the equalities (3) to (11) is an equation. Note 
that an equation has two sides, namely, the left hand side (written 
as LH.S.) and the right hand side (written as R.H.S.). Thus, in equation (3), 
a(b + c) is LH.S. and ab + ac is R.H.S. while in equation (7), y + 6 is 
LH.S. and 2 is R.H.S. We further observe that equation (3) is true for all 
values of a, b and c, i.e. we can assign any values to a, b and c and still 
the L.H.S. will be equal to the R.H.S. 

However, in the case of equations (4) to (11) we observe that these 
are not true for all values of x, y, etc. The literal numbers involved in 
each equation are called its variables (unknowns). (Usually the variables 
are denoted by letters from the latter part of the English alphabet, e.g. x, 
y, Z, U, V, г, etc.). 

We can easily see that equation (9) is in two variables while each of 
the equations (4), (5), (6), (7), (8), (10) and (11) are in only one variable. 
(Why?) Further, in each of the equations (4), (5), (6), (7), (9) and (11) the 
highest powers of the variables involved is one. An equation in Which 
the highest powers of the variables involved is one 1s called a linear 
equation. Thus, each of the equations (4), (5), (6), (7), (9) and (11) is 4 
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linear equation. In this chapter, we shall limit our discussion to linear 
equations in one variable only. 

Let us take an example to illustrate how we can translate a real-life 
situation into the form of an equation: 


Example: A motor-boat uses 0.1 litre of fuel for every kilometre. 
One day it made a trip of x km. Form an equation in x if 
the total consumption of fuel was 10 litres. 

Solution: Fuelused in 1 km trip = 0.1 litre 
Fuel used in x km trip = 0.1 х x litres 
Therefore, total fuel used — 0.1x litres 
But it is given as 10 litres. 
Hence, 0.1x — 10 is the required equation in x. 


EXERCISE 7.1 


1. Write the L.H.S. and the R.H.S. of the following equations: 
Gene 2 Е ك‎ Prey 
(iii) 2p = 6 (iv) 2х+у=7+2 1 
2. Translate each of the following statements into an equation, using 
y as the variable: 
(i) 3 less than twice a number is 17. 
(i) Twice of a number subtracted from 15 is 7. 
(iii) A number multiplied by itself is 6 more than the 
number. 
(iv) One-sixth of a number is 7. 
v) Twice of a number added to 6 gives 30. 
) Twice of a number when divided by 3 gives 10. 


12 Solution of an Equation 


Let us consider the linear equation in one variable, namely, 
x-8=-4 (1) 
LHS. ої(1)15Х — 8 and its R.H.S.is — 4. 
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Now we evaluate the L.H.S. of (1) for some values of x and continue 
to give new values till the L.H.S. becomes equal to the R.H.S. 


x L.H.S. R.H.S. 
0 -8 -4 
1 -7 -4 
2 -6 -4 
3 -5 -4 
4 =4 LA 


We observe that the L.H.S. equals the R.H.S. only when 4 is- 
substituted for x. For all other values of x the equation is not true 
because the L.H.S. is not equal to the R.H.S. 

A number, which when substituted for the variable in the equation, 
makes its L.H.S. equal to the R.H.S., is said to satisfy the equation and is 
called a solution or a root of the equation. Finding the root (s) of an 
equation is called solving the equation. In the above method, we often 
make a guess of the solution of the equation. This is often referred to as 
the trial-and-error method. Let us take one more example to illustrate 
this method: 

Example 1: Find the solution of the equationz — 1 = — 3 + 2z 
by the trial-and-error method. 

Solution: We try several values of z and find the L.H.S. and the 

R.H.S. We stop when for a particular value of z the 
L.H.S. is equal to the R.H.S. 


Z L.H.S. R.H.S. 

0 zl 59 

1 0 sl 
zi 2 15 
ر‎ 278 =) 

2 1 1 


Therefore, z = 2 is the solution of the given equation. 
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EXERCISE 7.2 


MATHEMATICS 


1. Solve the following equations by the trial-and-error method: 


(i) х+7 = 12 (ii) 
(iii) 5х = 30 (iv) 
(vy) z-22-6 (м) 
(vii) 5 


(ix) ps 


7.3 Solving an Equation 


x — 15 = 20 
1b х= 
19=7+x 


We have learnt above the method of solving an equation by trial-and- 
error. We find that it takes time and is not always direct. Therefore, let 
us try to have a better method of solving an equation. 

An equation can be compared with a balance used for weighing- Its 
sides are two pans and the equality symbol ‘=’ tells us that the two pans 


are in balance (Fig. 7.1). 

You must have seen the working 
of a balance. If we put equal weights 
in both the pans, then we observe 
that the two pans remain in balance. 
Similarly, if we remove equal weights 
from both the pans, we observe that 
the pans still remain in balance. 
Thus, we can add (and hence 
multiply) equal weights or amounts 
to both pans or we can subtract (and 
hence divide) equal amounts from 
both’ pans and the balance: will 
remain undisturbed. Similarly, in the 
case of an equation we can 


FULCRUM 


L. H. S. R: H, S. 


Fig. 71: Weighing Balance 
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(i) add the same number to both sides of the equation, i.e. 
ifx + 2 =5,thenx+2+3=5+3 
(ii) subtract the same number from both sides of the equation, 
ieifx + 2 = 6,thenx + 2 = 1 =6 =1 
(iii) multiply both sides of the equation by the same number, i.e. 


if X = 5,then = X 12 = 5 х 12 


(iv) divide both sides of the equation by the same (non-zero) 
number, i.e. 
if 5x = 12, then 5x + 5 = 12 = 5. 
Now, we shall solve some equations using the above rules: 
Example 1: Solve7 + x = 5 
Solution: Subtracting 7 from both sides of the equation (Rule ii), 
we get 
Ct x= > See 
оту + = =? 


peu. re (Using a +0 = a) 
Sox = — 2is the solution of the given equation. 
Check: Let us verify by substituting x = — 2 in the given 
equation. 
LHS: =у=2 =з 
КН.8. = 5 


ie.forx = — 2, LH.S. = К.Н.5. 


Example 2: Solvethe equationy = 5 = 7. | 
Solution: We add 5 to both sides of the given equation (Rule i). 


We get 
yr-54 5-75 
оу + 0 = 12 
ог, у = 12 (Using a + 0 = a) 


Thus, y = 12 is the solution of the given equation. 
Check: Let us substitute у = 12 in the given equation. 
We get 
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А100 5307 
RHS. = 7 
ie.fory = 12, L.H.S. = R.H.S. 


Example 3: Solve the equation 5 = 48. 
Solution: We multiply both sides of the equation by 12 (Rule iii). 
We get 
y 
== ж 12 = x 12 
12 48 
or, y = 576 
Thus, y = 576 is the solution of the given equation. 
Check: Letus put y = 576 in the given equation. We get 


576 
HS. = =4 
L.H.S 12 8 
RHS. = 48 


i.e. fory = 576, L.H.S. = R.H.S. 
Example 4: Solve the equation 15x = 21. 
Solution: We divide both sides of the equation by 15 (Rule iv). 
We get 


15% + 21 


15 15 
ог,Х = = 
Thus, x = : is the solution of the given equation. 
7% : n Wie get 
Check: Letusputx — ris the given equation. We ge 


7i 
LHS. = 15 х = = 21 
RHS. = 21 
ie. forx — = LHS. = R.H.S. 
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Example 5: 
Solution: 


Check : 


Example 6: 


Solution : 


Solve the equation 11x + 2 = — 20. 
We subtract 2 from both sides of the equation (Rule ii). 


We get 

lix 42-2 —-— 20:2 

or, lix +0 = = 22 

Or, lix = – 22 (Usinga+0 =a) (1) 


Now, we divide both sides of the equation (1) by 11 
(Rule iv). We get 
11х11 = = 0221011 


or,x = — 2 
Thus, x = — 2 is the required solution. 
Let us put x = = 2 in the given equation. We get 


LHS. = 11(—2) + 2 = -22 +2 = – 20. 
RHS. = — 20 
ie.forx = — 2, LHS. = RHS. 


1 
Solve the equation 2x — 23 3: 


We add > to both sides of the equation (Rule i). We get 


1-1 1 
— — — = + — 
2x 25 3 2 


7 
2x2— 
or, 2x 2 


Now, we divide both sides of the equation by 2 (Rule i). 
We get 


gi 
2x+2=-+ 
2 2 
7 
ог,х =- 
4 


7 
Thus, x = 4 is the required solution. 
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Check: Let us put x = 7 in the given equation. We get 


Ш 
N 
X 


LHS. 


RHS. = 3 
i.e. for x = Т, LHS. = RHS. 


We observe that in solving an equation, we use one or more of the 
above four rules and attempt to end up at a Step in which the variable 
appears by itself as one side of the equation. 


EXERCISE 7.3 


Solve each of the following equations and check yoür answers: 


1. x49-2-3 2 y- 2-16 
3. 2y =7 4. 15x = 225 
5: $715 0 IK eTA 
7 2у +6568 8. клды 
9. 10-2=6 10. 2-5 =3 | 
1L 744y--5 , 12 17 = 255 | 
13, 5 = 25 4. у+2-3 | 
15. 3(x +6) = 21 16. 5(x + 3) = 15 | 


(Hint: Tn the last two questions, first remove the grouping symbol.) 
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7.4 Application of Equations to Practical Problems 


Some practical problems involve relations among unknown and known 
numbers, which can be expressed using mathematical quantities. Thus, 
we get equations for these problems. These relations are often statedin words 
and it is for this reason that we often refer to these problems as word 
problems. We have already learnt to formulate equations for some of 
the problems of these types. The important steps in the solution of such 
word problems are: 


(i) 


Read the problem carefully and note down what is given and 
what is required. 

Denote the unknown by some letter, say x, y, z, etc. 

Translate the statements of the problem step/word by 
step/word into mathematical statements, to the extent it is 
possible. 

Look for the quantities which are equal and write an 
cquation by writing appropriate expressions for these 
quantities. 

Solve the equation for the unknown. 

Check whether the solution satisfies the conditions given in 
the problem. 


Let us consider some examples to illustrate these steps: 
Example 1: The sum of the ages of father and his son is 75 years. If 


the age of the son is 25 years, find the age of the father. 


Solution: Let the age of the father be x years. 


The age of son = 25 years 
Therefore, the sum of the two ages = (x + 25) years. 
But this sum is given as 75 years. Hence, we have the 
following equation: 

х + 25 = 75 
Subtracting 25 from both sides of this equation, we have 
x 4°25 —25:—1975/—25 
or,x = 50 
Thus, the age of the father is 50 years. 
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Example 2: 


Solution : 


Check : 


Example 3: 


Solution : 


MATHEMATICS 


Sum of the two ages = (50 + 25) = 75 years, which is 
the same as given. 
There are only 25-paise coins in a purse. If the total 
value of the money in the purse is Rs 15, find the 
number of coins in it. 
Let the number of coins be x. 
Value of one coin = 25 paise 

Therefore, value of the total coins = 25 X x paise 

а БОЕ MEN NE: 

* 100 4 
But this value is given as Rs 15. 
Hence, we have the following equation: 

x 

1 15 
Multiplying both sides of the above equation by 4, we 
have 

T x 4=15 x4 

4 

or,x = 60 
Thus, the number of coins in the purse is 60. 


Value of coins = 60 Х 25 paise = Rs 8025 


= Rs 15, which is the same as given. 
The length of a rectangle is three times its width. If the 


perimeter of the rectangle is 96 metres, find the length 
and the breadth of the rectangle. 


Let the width of the rectangle be x metres. 
Its length = 3 times the width 
= 3 X x = 3x metres 
Therefore, its perimeter = 2(1 + b) 
= 2 (3x + x) metres = 8x metres 
But it is given as 96 metres. 
Therefore, 8x = 96 
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A 


10. 


8x 96 
Ol e e 


8 8 
or,x = 12 
Thus, the width of the rectangle = 12 metres. 
Hence, its length = 3 х 12 metres = 36 metres. 
Check: Perimeter = 2 (36 + 12) metres = 96 metres, which is 
the same as given. 


EXERCISE 7.4 


5 added to a number gives 9. Find the number. 

What is the number which when multiplied by 20 gives the 
product 60? 

Find the number which when divided by 9 gives 4. 

Rahim’s father is three times as old as Rahim. If sum of their ages 
is 56 years, find their ages. 

Rita has 18 metres of cloth. She wants to cut it in two pieces in such 
a way that one piece will be 4 metres longer than the other. What 
will be the length of the shorter piece? 

The total number of students in a school is 1260. If the number 
of girls is 52 more than that of the boys, find the number of boys 
in the school. Also, find the number of girls. 

There are only 10-paise coins in a purse. If the total value of the 
money in the purse is Rs 25, find the number of coins in the 
purse. 

After 15 years, Salma will be four times as old as she is now. 
Determine her present age? 

In a factory, the number of woman employees is three times that 
of the man employees. If the total number of employees in the 
factory is 48, find the number of man employees in the factory. 
Also, find the number of woman employees. 

Find two numbers such that one is five times the other and their 
difference is 20. 
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14. 


15. 


16. 
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Anjali is 4 years older than Babita. If the sum of their ages is 16, 
find their ages. 

Lakshmi Devi has a rectangular plot which has been fenced with a 
300 m long wire. Find the length and the breadth of the plot if the 
length is twice its width. 

The sum of two consecutive numbers is 53. Find the numbers. 

The sum of two consecutive even numbers is 86. Find the 
numbers. 

In a family, the consumption of wheat is three times that of rice. If 
the total consumption of the two cereals in the family in a 
particular month was 36 kg, find the consumption of rice in that 
particular month. Also, find the consumption of wheat. 

The difference between the years of birth and death (in AD.) of 
famous Egyptian woman mathematician Hypatia is 40 years. Two 


times the year of her birth exceed the year of her death by 335 
years. Find the year of her birth. | 


Things to Remember 


A statement of equality involving one or more literal 
numbers is called an equation. 

An equation involving only one literal number with 
the highest power one is callec a linear equation in. 
one variable. 


While solving an equation we can 
(i add the same number to both sides of the 
equation, 
(ü) subtract the same number from both sides of 
the equation, 
(iii) multiply both sides of the e 
number, and 
(iv) divide both sides of the equation by the same 
(non-zero) number. 


quation by the same 


UNIT THREE 
COMMERCIAL MATHEMATICS 


COMMERCIAL MATHEMATICS includes ratio and Proportion, percentage, 
profit and loss, interest, taxation and other commercial or business 
activities. The history of commercial activities is as old as human 
civilization. The primitive people used to hunt and produce according 
to their needs for a day or two. But, with the development of 
civilization, they learnt to live in a community and started growing 
more than the need. The surplus food or things were bartered for 
other commodities of daily use, which promoted the idea of 
commerce and trade. Subsequently, ‘money’ also came into use to 
make this exchange easier and thus trade flourished. From the clay 
tablets of the period 2450 вс. to 2330 B.c, it is evident that the 
Babylonians were familiar with bills, promissory notes, mortgages, 
taxes, simple and compound interests and other commercial 
activities. 


The Indian mathematicians Brahmagupta and Bhaskara are well 
known for giving the idea of the Rule of Three which was highly 
regarded by merchants as a tool for centuries. Brahmagupta (around 
A.D. 628) stated the rule as follows: 

"In the Rule of Three, Argument, Fruit and Requisition are the 
names of the terms. The first and the last terms must be similar. 
The Requisition multiplied by the Fruit and divided by the 
Argument is the Produce." 

Another Indian mathematician Mahavira (around a.D. 850) also 
stated this rule in nearly the same form as follows: 

“Phala (sx) multiplied by Ichcha (в) and divided by Pramana (титл) 
becomes the answer, when the /chcha and Pramana are similar." 

It is only at the end of the fourteenth century, it was recognized 
that the Rule of Three has some connection with the idea of 
proportion. The symbol *:' to denote a ratio and the symbol 
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to denote the equality of two ratios appear to have been introduced by 
an English mathematician Oughtred in д.р. 1628. 

The Romans made use of fractions which easily reduce to 
hundredths without recognizing per cents as such. In the Italian 
manuscripts of commercial mathematics of the fifteenth century, it is 
common to find expressions such as ‘20 p 100’, 'x p cento', and ‘vi p 
c” for 20%, 10% and 6% respectively. Thus, the per cent sign was 
initially written as ‘per c”, “рс”, etc. In the middle of the seventeenth 
century, it had developed into the form ‘per >’. 

Finally, ‘per’ was dropped and it took the present form ‘%’. The 
Indian mathematician Bhaskara has used per cents in the interest 
problems in his famous work Lilavati. In the sixteenth century, per 
cents were mainly used for the computation of interest and profit 
and loss. 

The phrase 'profit and loss' had been in use in the same sense as 
we use it today. The popularity of this topic in the sixteenth century 
can be inferred from the fact that a mathematician Werner has 
devoted forty-seven pages to it in his book Rechenbuch (around A». 
1561). The Unitary Method was also well known during this period 
which is evident from the solution provided by an 
mathematician Tartagalia (around до. 1556) for the problem: 

If 1 pound of silk costs 9 lire 18 soldi, how much will 8 ounces 
cost? 

Here, in Chapter Eight, we shall discuss some basic concepts 
related to ratio, proportion and unitary method. In Chapter Nine, the 
concept of percentage will be introduced and it will be applied to 
profit and loss, simple interest and other daily life problems. 


Italian 


CHAPTER EIGHT 


Ratio, Proportion and Unitary Method 


IN THIS CHAPTER, we shall learn some basic concepts of ratio and 
proportion. These concepts have been applied to solve some real-life 
problems. Unitary method has been explained and some problems 
based on direct variation only have been solved using this method. 


8.1 Ratio 


The weight of a bag of wheat is 100 kg and the weight of a bag of ‘ 
fertilizer is 40 kg. How do their weights compare? We can compare the 
weights in two different ways: 


(i) The difference of the two weights is (100 — 40) kg or 60 kg. 
We say that the weight of wheat is 60 kg more than that of 
fertilizer. This is known as comparison by difference. 

(ii) For the above, we can also say that the weight of wheat is 


100 
(100 + 40) ie. к? times the weight of fertilizer. This 
is known as comparison by division. 


When we compare two quantities of the same kind (with respect to 
magnitudes) by division, we say that we have formed a ratio of the two 
quantities. Thus, we can say that the ratio of the weight of wheat to that 


100 
of fertilizer is 100 + 40 or 40 Usually, the symbol *? is used to 


express a ratio. Therefore, the above ratio is written as 100 : 40 and read 
as ‘100 is to 40’ or ‘100 to 40°. Similarly, if the cost of a tractor is thirty 
times the cost of a pair of bullocks, we can write that the ratio of the 
cost of a tractor to that of a pair of bullocks is 30 : 1. In general, the 
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ratio of two numbers (measures/magnitudes) a and b (b# 0) isa + b 
(or 3l and is denoted as a : b. a and b are called the terms of the ratio. 


For obvious reasons, a is the first term and b is the second term of the 

ratio a : b. The first term of a ratio is called the antecedent and the 

second term is called the consequent. Thus, in the ratio a : b, a is the 
antecedent and b is the consequent. 

Since a quotient does not change when the dividend and the divisor 
are multiplied or divided by the same number, say c (c # 0), one and 
the same ratio can be expressed in several ways. For example, 100 : 40 
= 10:4 = 5:2 = 125 : 50, etc. Note that in the ratio 5 : 2, the two 
terms 5 and 2 have no common factor other than 1. The ratio expressed 
in this form is said to be in the simplest form or in the lowest terms. 
Usually, a ratio is expressed in the simplest form. 

It may be carefully noted that the comparison becomes meaningless 
if the quantities being compared are not of the same kind (i.e. of the 
same units of length, volume, or currency, etc.). It is just meaningless to 
compare 10 bags with 200 cows. Therefore, to find the ratio of two 
quantities, they must be expressed in the same units. It may also be 
noted that the order of the terms in a ratio is very important. It can be 
easily seen that the ratio of 6 to 11 is different from the ratio of 11 to 6, 
ie. 6 : 11 is different from 11:: 6. Let us now take some examples to 
illustrate these ideas : 

Example 1: The number of boys and girls in a school are 480 and 
384, respectively. Express the ratio of the number of 
boys to that of the girls in the simplest form. 

Solution: The required ratio is 480: 384 = 180. 


384 


To express it in the simplest form, we need to find the 
H.C.F. of 480 and 384. It is 96. Then we divide each 
term of the ratio by the H.C.F,, i.e. 96. We get 

480 +96 5 

А ео" 
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Example 2: 


Solution: 


Example 3: 


Solution: 


Example 4: 


Solution: 


Thus, the ratio of the number of boys to that of the girls 
is 5:4. 

The length of a steel tape for measurements of buildings 
is 10 m and its width is 2.4 cm. What is the ratio of its 
length to the width? 


5 ; 10m 
Ratio of length to width — Bu en: 
10 x 100cm ,. 
DEC (since 1 m = 100 cm) 
_ 10000 1250 
cv M dune Bs 


Thus, the required ratio is 1250 : 3. 

An office opens at 9 a.m. and closes at 5 p.m. with a 
lunch interval of 30 minutes. What is the ratio of lunch 
interval to the total period in office? 

Note that we can write 9 a.m. as 9 hours and 5 p.m. as 
17 hours. Total period in office = (17 — 9) hours 

— 8 hours 
Lunch interval = 30 minutes. 


4 А 30 mi 
Therefore, the required ratio = Бшш 
8 hours 


де 30 minutes 1 1:16 
3 x 60minutes 16° ` 
Find the ratio of 250 g to 5 kg. Also, find the ratio of 5 kg 


to 250 g. 


250g 


Ratio of 250 g to 5 kg = Er 


250g 


= ————2— 1Кр = 1000 g) 
5 х 10002 (kg Р 
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= = 1520 
к 20 
i sip to 250g 318 
Ratio o gto g 250g 
_ 5 х 1000g 
250g 
20 
= — = 20:1 
1 


From the above examples, we can easily observe that a ratio has no 
units in itself. 


EXERCISE 8.1 


1. Express the following as ratios: 
(i) In a class the number of girls in the merit list of the 
board examination is six times that of boys. 
(ii) One part of oxygen and two parts of hydrogen by 
volume combine to form water. 
(ii) The number of students passing t i i 
two-third of the number E шеш Түз ЭШ 
2. Express each of the following ratios in its simplest form: 
(i) 150:400 (ii) 85:255 
(iii) adozentoascore (iv) 27:57 
3. Find the ratio of the following in the simplest form: 
(i) 35 minutes to 45 seconds 
(ii) 90 paiseto Rs 3 
(iii) 8 kg to 400 g 
(iv) 1 hour to 15 seconds 
4. Sunita earned Rs 40000 and paid Rs 5000 as income tax. Find the 
ratio of (i) income tax to income and (ii) income to income tax. 
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5. 


10. 


Avinash works as a lecturer and earns Rs 2000 per month. His wife 
who is a doctor earns Rs 2500 per month. Find the following ratios: 
(i) Avinash's income to the income of his wife. 
(ii) Avinash's income to their total income. 
Margarette works in a factory and earns Rs 955 per month. She 
saves Rs 185 per month from her earnings. Find the ratio of 
(i) her savings to her income. 
(ii) her income to her expenditure. 
(iii) her savings to her expenditure. 


Find the ratio of 
(i) 3.2 metres to 56 metres 
(ii) 10 metres to 25 cm 
(iii) 25 paise to Rs 60 
( 


iv) 270 to 450 
(v) 10 litres to 0.25 litres 
(vi) 200 kg to 40 kg 


Of the 72 persons working in an office, 28 are men and the 
remaining are women. Find the ratio of the number of 
(1) men to that of women. 
(ii) men to the total number of persons. 
(iii) persons to that of women. 


Abullock-cart travels 24 km in З hours and a train travels 120 km in 
2 hours. Find the ratio of their speeds. 


7 Speed Distance 
Hint: Spee Time 


In India, the number of villages electrified in 1951 is about 3000 
and the number of villages electrified in 1984 is about 350000. 
Find the ratio of the number of villages electrified in the two 


years. 
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8.2 Proportion 


Consider the following examples: 
(i) If milk costs Rs 5 per litre, the cost of 40 litres of milk is 
Rs 200 and the cost of 70 litres is Rs 350. The ratio of the 
two quantities of milkis 40:70 = 4:7 and the ratio of their cost 
is 200: 350 = 4:7. Hence, 40:70 = 200: 350. 
(ii) 200 litres and 150 litres of kerosene oil weigh 180 kg and 
135 kg, respectively. The ratio of the two volumes is 
200 : 150 = 4: 3 and the ratio of the two weights is 
180:135 = 4:3. Thus, 200:150 = 180:135. 

We see that in these examples, the ratio of the first two numbers is 
equal to the ratio of the third and the fourth numbers. Such an equality of 
two ratios is called a proportion and we say that the four numbers are in 
proportion. For instance, in the first example, the numbers 40, 70, 200 
and 350 are in proportion and in the second example the numbers 200, 
150, 180 and 135 are in proportion. 

(iii) A train moving at 40 km per hour will take 5 hours to travel 
a distance of 200 km. Another train moving at 50 km per 
hour will take 4 hours to cover the same distance. Then, the 
ratio of the speeds = 40:50 = 4:5 and the ratio of the 
time taken = 50:40 = 5:4. Thus, 40:50 # 50:40. 

In such a case we say that the numbers 40, 50, 50 and 40 are not in 
proportion. In general, the numbers a, b, c, d are in proportion if the 
ratio of the first two is equal to the ratio of the last two, i.e. 

a:b=c:d 
This is sometimes expressed by the notation 
a:b::c:d 

Which is read as ‘a is to b as c is to d' or ‘a to b 
as c to d'. a, b, c and d are the first, second, 
third and fourth terms of the proportion. The 
first and the fourth terms of a proportion are 
called extreme terms or extremes. The second 
and the third terms are called the middle terms 
or means (see Fig. 8.1). 
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In Example (i) the numbers involved are: 40, 70, 200, 350. Thus, 
the first and the fourth terms are 40 and 350 and the middle terms are 
70 and 200, respectively. Further, 

Product of extreme terms = 40 x 356 = 14000 

Product of middle terms = 70 X 200 = 14000 
We see that the product of the extreme terms is equal to the product of 
the middle terms. i 

Similarly in Example (ii), the product of the extreme terms 
200 x 135 is equal to the product of the middle terms 150 x 180. But in 
Example (iii) the product of the extreme terms 40 x 40 isnot equal tothe 
product of the middle terms 50 x 50. 

Thus, we observe that if the four numbers are in proportion, then the 
product of the extreme terms is equal to the product of the middle 
terms. In other words, 

if a:b=c:d 
then, ad = bc 
Clearly, ifa:b # c:d, then ad # be. To understand these concepts, let us 
consider some examples: 
Example 1: Are 40, 30, 60, 45 in proportion? 


Solution: We have 40:30 = 30 = x 
30. 3 

60 4 

and) 609435 E 

45 З 


Thus, 40:30 = 60:45 
i.e. 40, 30, 60, 45 are in proportion. 

Example 2: The first, third and fourth terms of a proportion are 12, 
8 and 14, respectively. Find its second term. 

Solution: Let the second term be x. 

Thus, 12, х, 8, 14 are in proportion. 
Now the product of the extreme terms = 12 X 14 = 168 
and the product of the middle terms = x X 8 = 8x 


Hence, 8x = 168 
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8x _ 168 | 
Vosa сн mi? rg 
Or, x — 21 


Thus, the second term of the proportion is 21. 
Example 3: Observe that 100 x 75 = 150 x 50. Check if the 
numbers 100, 150, 50, 75 are in proportion. 
lution: 1005159 2490 2 | 
Solution: : 150 3 | 


апа 50:75 = e 
TS) 3 


Clearly, 100 : 150 = 50:75 
Hence, the numbers 100, 150, 50, 75 are in proportion. 


Example 4: Observe that 100 x 150 x 50 х 75. Check if the | 
numbers 100, 50, 75, 150 are in proportion. | 


Solution: 100:50 = щш = E 
50 1 

and “95,4456 euo. Sab 

50 2 


Clearly, 100: 50 # 75:150 


are not in 


as in Examples 3 and 4 above, we 
can easily observe that if ad = bc, then а, b, c, d are in Proportion and if 
, b, c, d are not in proportion. This i 
property and it helps us to chec i 


numbers are in proportion or not. 
Example 5: Are the numbers 5, 6, 20, 
Solution: 5 X 18 = 90 
and 6 х 20 = 120 
Clearly, 5 x 18 #6 x 20 
Thus, 5, 6, 20, 18 are not in proportion. 


18 in proportion? | 


RATIO, PROPORTION AND UNITARY METHOD 147 


Example 6: Are the numbers 3, 9, 9, 27 in proportion? 
Solution: 3x 27 = 81 
and9 x 9 = 81 
Clearly,3 x 27=9 x 9 
Thus, 3, 9, 9, 27 are in proportion. 

In the above proportion, we observe that the middle term 9 is 
repeated. In such a case, we Say that the numbers 3, 9, 27 are in 
proportion. In other words, if a : = b : c, then a, b, с are in 
proportion. In this case, b2 — ac and the middle term b is called the 
mean proportional between a and c. 


Example 7: Verify that 
(i) 30:45 = 16:24 


(ii) 30:16 = 45:24 
(ii) 16:30 = 24:45 
(iv) 45:30 = 24:16 
М i 30522, 
Solution: (i) 30:45 = 45 3 
ТЕЕ Е = 
24 3 
Thus, 30:45 = 16 : 24 
30 15 
(ii) 30:16 еке в 
and 45:24 = 2 E 3 
24 8 
Thus, 30:16 = 45:24 
16 8 
(iii) 16:30 = 30 = 15 
DA 18 
and 24:45 = 45 ~ as 


Thus, 16:30 = 24: 45 
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i с Sy сзи 3 
(iv) 45: 730 ^2 
24 3 

:16 = — => 

and 24:16 1 2 


From the above examples, we observe that from a given proportion, 


we can form three more Proportions by just changing the positions of 
the terms of the Proportion. 


Example 8: Set up all possible Proportions from the numbers 15, 


18, 35 and 42. 
Solution : We note that 15 x 42 = 630 and 18 x 35 = 630. 
Thus, 15 x 42 = 18 x 35 (1) 


Hence, 15:18 = 35:42 

(1) can be written as 15 x 42 = 35 x 18 

Hence, 15:35 = 18:42 

(1) can also be written as 42 X 15 = 18 x 35 
Hence, 42:18 = 35:15 

Lastly, (1) can also be written as 42 x 15 = 35 x 18 
Hence, 42:35 = 18:15 


Thus, the required proportions are: 


(i) 15:18 = 35:42 

(0) 15:35 = 18:42 

(iii) 42:18 = 35:15 

(iv) 42:35 = 18:15 
Example 9: The ratio of the number of Birls to that of boys 
Participating in Sports in a school is 5 4. If the number 
of girls is 210, determine the number of boys 


Participating in the Sports. 

Solution: Let the number of boys be x. Therefo 
number of girls to that of boys — 210: 
But it is given as 5:4 
Therefore, 5:4 — 210:x 


ге, the ratio of the 
x 
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week of a grocery shop was 2 : 9. If the total sale of eggs in the 
same week was Rs 360, find the sale of eggs on the Sunday. 

In a school library, the ratio of mathematics books to science 
books is the same as the ratio of science books to Hindi books. If 
there are 450 books in science and 300 books in Hindi, find the 
number of books in mathematics. 

The ratio of copper and zinc in an alloy is 9 : 7. If the weight of 
zinc in the alloy is 9.8 kg, find the weight of copper in the alloy. 
Find x if 25, 35, x are in proportion. 

The ratio of the income to the expenditure of a family is 7 : 6. 
Find the savings if the income is Rs 1400. 

[ Hint: First find the expenditure. ] 

The scale of a map is, usually, indicated in one corner of the map 
by writing the ratio of the distance on the map to the 
corresponding distance on the ground. This ratio is called the 
Representative Fraction (R.F.) of the map. The scale of a map is 
1:100000. What actual distance would 4 cm on the map 
represent? 

[Hint ‘The scale tells us that 1cmon the map represents 100000 cm 
actual distance. Let actual distance be x cm. Then 1:100000 = 4:x. 
Recall 100 cm = 1 m, 1000 m = 1 km.] 


Unitary Method 


Let us consider the following example: 


Example 1: The cost of 3 noteboo 


ks is Rs 16.50. What will be 
the cost of 7 notebooks? 


Solution: From the given information, w 
notebook and then calculate th 
Thus, we have: 
Cost of 3 notebooks — Rs 16.50 
Therefore, the cost of 1 notebook — 
Rs 5.50 (Since the cost of 1 notebo 
the cost of 3 notebooks.) 


e first find the cost of 1 
€ cost of 7 notebooks. 


Rs (16.50 + 3) = 
ОК will be less than 
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Hence, the cost of 7 notebooks = Rs 5.50 x 7 
= Rs 38.50 
Thus, the cost of 7 notebooks is Rs 38.50. 

Note that here we have first found the cost of 1 notebook and then 
calculated the cost of the required number of notebooks. In other 
words, we have first found the value of one (unit) quantity from the 
value of the given quantities and then found the value of the required 
number of quantities. This method of finding the values is called the 
Unitary Method. Let us take some more examples to illustrate this 
method: 


Example 2: An aeroplane flies 4000 km in 5 hours. How far does it 
travel in 3 hours? 

Solution: The distance travelled is related to the time of flight. If 
the time of flight increases the distance travelled also 
increases. Here the unknown quantity is the distance 
travelled and the known quantity is time. So we first 
work out the value of the unknown quantity (distance 
travelled) for unit value of known quantity (1 hour) as 
follows: 


Distance travelled in 5 hours = 4000 km 
4000 


Therefore, the distance travelled in 1 hour = poo km 
= 800 km 

Hence, the distance travelled in 3 hours = 800 x 3 km 
= 2400 km 


Thus, the aeroplane travels 2400 km in 3 hours. 


A woman worker earns Rs 18000 in 15 months. 
(i) How much does she earn in 7 months? 
(ii) Inhow many months will she earn Rs 30000? 
We note that the income is related to the period of 
work. In fact if the period of work is more, the income 
is more and their ratio remains the same. 
(i) The income is the unknown and the period of 


Example 3: 


Solution: 
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work is the known quantity. Hence, we proceed 
as follows: 
Income for 15 months = Rs 18000 


18000 
Therefore, income for 1 month = Rs "15 — 
— Rs 1200 
Hence, income for 7 months — Rs 1200 x 7 
— Rs 8400 


Thus, she earns Rs 8400 in 7 months. 


(ü) The number of months is the unknown quantity 
and the income is the known quantity. So, we have: 
Number of months required to earn 

Rs 18000 = 15 
Therefore, number of months required to earn 
15 
Rel = 18000 
Hence, number of months required to earn 


Rs 30000 = x 30000 = 25 


18000 
Thus, she will earn Rs 30000 in 25 months. 


In all the above examples, we see that two quantities are related in 
some way. If the value of one quantity increases (or decreases), the value 
of the other quantity also increases (or decreases) in such a manner that 
the ratio of the values of the two quantities remains the same. We say that 
the two quantities are in direct variation. In such cases, if the value of one 
quantity is multiplied (or divided) by some number, the value of the other 
quantity is also multiplied (or divided) by the same number. However, we 


one quantity increases (or decreases), the value of the other quantity 
decreases (or increases) in such a manner that the product of the two 
values remains the same. For example, consider the following situation: 
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‘10 workers can do a piece of a work in 18 days. In how many 
days will 36 workers do the same work?' 

Obviously, in this situation when the number of workers increases, the 
number of days decreases and when the number of workers decreases, the 
number of days increases in such a manner that the product of the two 
values always remains 10 х 18, i.e. 180. Such problems are also solved by 
unitary method. These types of problems will be discussed in higher 


classes. 


EXERCISE 8.3 


1. The cost of 30 metres of polyester cloth is Rs 450. Find the cost 
of 16 metres of cloth? 

2. A worker is paid Rs 162.50 for 5 days. What should be paid to 
him for 28 days? 

3. The monthly consumption of cereals of a hostel with 400 students 
is 5200 kg. Find the consumption if the number of students is 
only 65. 

4. Acar travels 165 km in 3 hours. 

(i) How long will it take to travel 440 km? 


Fe з pet! 
(ii) How far will it travel in 6 5 hours? 


5. The weight of 45 folding chairs is 18 kg. How many chairs can be 
loaded on a truck having a capacity of carrying 4000 kg load? 


6. 16 oil tankers can be filled by a pipe in4 : hours, how long does 


the pipe take to fill 4 such oil tankers? 
7. The yield of wheat from 6 hectares is 280 quintals. Find the 
number of hectares required for a yield of 225 quintals. 
8. The cost of 17 chairs is Rs9605. Find the number of chairs that 
can be purchased in Rs 56500. 
9. The weight of 72 books is 9 kg. 
(i) What is the weight of 80 such books? 
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(ii) How many such books weigh 6 kg? 
10. The price of 3 metres of cloth is Rs 79.50. Find the price of 15 
metres of such cloth. 
11. Fifteen postcards cost Rs 2.25. What will be the cost of 36 
postcard? How many postcards can we buy in Rs 45? 


Things to Remember 


The ratio of a number a to another number b (b # 0) 
is the quotient a + b and is written as a: b where a and 
b are called its terms. 

The ratio of two numbers is usually expressed in its 
simplest form. 

An equality of two ratios is called a proportion. The 
numbers a, b, c, d are in proportion if the ratio of the 
first two is equal to the ratio of the last two. 

The first and the fourth terms of a proportion are 
called the extremes or extreme terms. The second and 


the third terms are called the means or middle terms. 
Four numbers are in proportion if the product of 
extreme terms is equal to the product of middle terms. 


From the terms of a given proportion, we can make 
three more proportions. 


. Ifa:b=b:c, then a, b, c are said to be in proportion. 
‘If the middle terms аге Tepeated then each of the 
middle term is called the mean propcrtional. 
The method of finding first the value of one (unit) 
quantity from the value of the given quantities and 


then the value of the required quantities is called the 
Unitary Method. 


CHAPTER NINE 


Percentages and Their Applications 


IN THIS CHAPTER, We shall study the concept of percentage. We shall learn 
to convert a per cent into a fraction, ratio or decimal and vice versa. 
The concept of percentage shall be applied to profit and loss, simple 
interest and other real-life problems. 


9.1 Per cent 


In many areas of everyday life, we come across with the concept of 
percentage. For example, we hear the following type of statements: 
(i) Anita scored 93 per cent marks in mathematics. 
i) Fans аге sold at 5 per cent discount in the off season. 
) The percentage of people living in villages is 70. 
v) The bank pays interest at the rate of 5 per cent. 
) The pass percentage of girls was 87 and those of boys was 
76 in an examination, and so on. 
In all the above statements, a comparison has been made. Let us now 
consider the following example: 
Suppose in School A, 256 students passed out of 320 students and 
in School B, 300 students passed out of 400 students. Can we say 
that the performance of School B was better because 300 > 256? 
No. If we want to compare the performances of the two schools, we 
256 300 ) 


shall have to compare son 400 (or 256: 320 with 300 : 400 


instead of comparing 256 with 300. Can we now say which is 


better of the two? No. | ARN М 
Let us look at the two fractions (or the two ratios) in their 


MES 


4 3 ‘ 
simplest form, i.e. г апа Я (or 4:5 and 3: 4). Even then we cannot 
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tell which school has a better performance. Note that the two fractions (or 
the two ratios) can be compared if their denominators (or the second 
terms), respectively, are the same. Eo 

Let us, therefore, rewrite the above fractions with the same 
denominator, say 100 (or the two ratios with the second term 100). 
We have: 


s 4 4.100 4 bur 80 

School A: EEE TOO 190.7 199 100 
(or4:5 — 80:100) 

Seo, 10053 1 75 

= E EX 100 ХЕ = —— 

School В то A ДО 


(or 3:4 = 75:100) 


It is now obvious that School A has better performance than 
School B. 


A fraction with its denominator as 100 is called a per cent. Similarly, 
a ratio with its second term 100 is called a per cent. The per cent is an 
abbreviation of the Latin phrase per centum, meaning per hundred or 
hundredths. For convenience, the symbol ‘%’ is used for ‘per cent’. The 


1 
per cent stands for multiplication with 100 For example, the above 


performances are written as 
80 
= ВО = = 
100 100 80 hundredths = 80 рег hundred 


= 80 percent = 80% 


1 
100 = 75% 100^ 75 hundredths = 75 per hundred 
= 75 per cent = 75% / 


Similarly, 80 : 100 = 80% and 75 : 100 = 75%. The statement ‘15 
per cent increase’ means an increase of 15 per hundred, i.e. an increase 


of 15 for every hundred. Let us now take some examples to illustrate 
these concepts: 
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Example 1: Express the following as per cents: 


(i) 3 (ii) 30:80 (iii) 6:5 (iv) 0.065 
2 29100282 1 
Solution: (i) == = x — == х 100 х = = % 
‘olution ü 3 510 3 150 z + 100% 
= 66 -7% 
30 30 100 
. == — x — 
V) 30180 gor Bor 100 
30 
= — x 100% 
а 
= 375% 


We see that to convert a ratio into a per cent, we write 
it as a fraction and multiply it by 100. 


е, 6 
(iii) 6:5 = = х 100% = 120% 


б 65 65 

iv) 0.065 = —— =—— х 100% 

ev) 1000 1000 ore 
= 6.5% 


We see that to convert a decimal into a per cent, we shift 
the decimal point by two places to the right (since it is 
multiplied by 100). 

Express the following per cents as fractions and ratios 
in the simplest forms. Express them as decimals also. 
(i) 52% (ii) 115% 


Solution (i): Asafraction: 52% = 52 X — == 


Example 2: 


As aratio: 52% = 52:100 = 13:25 
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Solution: 


Example 4: 


Solution: 
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1 
As a decimal : 52% = 52 X — = 0.52 


100 
5 х b 28 
115% = 11 100 20, 
= ES = — = 23:20 
115% = 115 100 
XL кы =— = 1.15 
115% = 115 x 100 1 


Thus, we observe that to convert а per cent: | 
(i) into a fraction, we drop the per cent sign (%) and | 
divide the remaining number by 100. 
(ii) into a ratio, we drop the per cent sign (95) and 
form a ratio with the remaining number as the 
first term and 100 as the second term. 
(ii) into a decimal, we again drop the per cent sign 
(%) and shift the decimal point two places to the 
left. 
Find 30% of Rs 180. 
To find certain per cent of a given quantity, we multiply 
the given per cent with the given quantity. 


Thus, 30% of Rs 180 = a X Rs 180 


30 
= Rs — х = 
100 180 = Rs 54 
Hence, 30% of Rs 180 is Rs 54, 


What per cent of 25 kgis 3.5 kg? 


The required per cent — = kg 


х 
5kg х 100 
_ 3.5 × 100 35 x 100 
25 250 


2.739000 7105080 T 
A ESO 100 
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Example 5: 


Solution: 


Example 6: 


Solution: 


Example 7: 


Solution: 


Rahim obtained 60 marks out of 75 in mathematics. 
Find the percentage of marks obtained by Rahim in 
mathematics. 

60 x 100 20 x 100 


75 25 


The required per cent — 
_ 80x100 _ 
100 


Thus, the percentage of marks obtained by Rahim in 
mathematics is 80. 


80 


2 
In an orchard, 16 3 % of the trees are apple trees. If the 


number of trees in the orchard is 240, find the number 
of other types of trees in the orchard. 
Total number of trees = 240 


2 
The number of apple trees = 152 % of 240 


= > % of 240 
50 1 
= — x — of 240 
= OOF 
50 
= — х 2 =4 
300 40 0 
Therefore, the number of other types of trees 
= 240 — 40 = 200 


Thus, the number of other types of trees in the orchard 
is 200. 

The approximate population of India was 5480 lakh in 
1971 and was 6850 lakh in 1981. Find the per cent 
increase in the population of India from 1971 to 1981. 
Population in 1981 = 6850 lakh 

Population in 1971 = 5480 lakh 
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Therefore, increase in population = (6850 — 5480)lakh 
= 1370 lakh 
Now, increase in population on 5480 lakh = 1370 lakh 


1370 
H ‚1 1001 = — X 
ence, increase on akh 5480 100 lakh 
= 25 lakh 
i.e. increase on 100 = 25 
Thus, increase per cent = 25 
We can solve this question as follows: 
1370 lakh 1370 
ЕЕ = —— x 
савола 100.7 s gg X 100 


1 25 
= x 100 = — x = 
4 100 100 = 25 


Increase per cent = 


Note: Increase (or decrease) per cent is calculated by the ratio (or 
fraction) formed by the increase (or decrease) and the original 
value. In the above case, population of 1971 is the original 


value. 


EXERCISE 9.1 


1. Express the following as ratios in the simplest form: 


| М. Гк ы 
(i) 18% (ii) 125% (ii) 140% (v) 62% 


(у) 2% (vi) 0.3% 
2. Express the following as fractions in the simplest form: 


3 2 m En 
(i) 167% (ii) 45% (iii) 150% (iv) 0.25% 
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1. 


10. 


EXERCISE 4.4 


Determine the H.C.F. of numbers in each of the following by 
prime factorization method: 


(i) 144, 198 (ii) 81, 117 
(ii) 47,61 (iv) 225,450 
(v) 13,39,273 (vi) 150, 140, 210 
(vii) 120, 144, 204 (уш) 106, 159, 265 
(ix) 101,573, 1079 . (x) 625, 3125, 15625 
Determine the Н.С.Е. of numbers in each of the following by 
continued division method: 
(i) 300,450 (ii) 442, 1261 
(ш) 252,576 (iv) 935, 1320 
(v) 1624,522,1276 ~ (vi) 2241, 8217, 747 


It is given that 65610 is divisible by 27. Which two numbers 
nearest to 65610 are each divisible by 27? 
What is the H.C.F. of any two consecutive numbers? 
Reduce each of the following fractions to the lowest terms by 
cancelling the H.C.F. of the numerator and the denominator: 

4, 1444 143 wy 221 

i) oe O у зу 
Find the largest number which divides 245 and 1029 leaving 
remainder 5 in each case. 3 
Two tankers contain 850 litres and 680 litres of petrol, 
respectively. Find the maximum capacity of a container which can 
measure the petrol of either tanker in exact number of times. — 
Find the largest number that will divide 398, 436 and 542 leaving 
remainders 7, 11 and 15, respectively. 
The length, breadth and height of a room are 8m 25 cm, 6m 75 
cm and 4m 50cm, respectively. Determine the longest tape which 
can measure the three dimensions of the room exactly. | 
A rectangular courtyard is 20 m 16 cm long and 15 m 60 cm 
broad. It is to be paved with square stones of the same size. Find 


the least possible number of such stones. 
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4.8 Lowest Common Multiple (L.C.M.) 


We recall that the lowest common multiple (L.C.M.) of two or more 
numbers is the smallest number which is a multiple of each of the given 
numbers. Let us find the L.C.M. of 8 and 12. l 3 
Multiples of 8 : 8, 16, 24, 32, 40,48, ... 

Multiples of 12 : 12, 24, 36, 48, 60,72,... 

Common multiples of 8 and 12: 24, 48,..: 

The smallest of the common multiples of 8 and 12: 24 


To find the L.C.M. of two or more numbers by prime factorization 
method, we write prime factorization of each of the numbers. We then 
find the product of all the different prime factors of the numbers using 
each common prime factor the greatest number of times it appears in the 
prime factorization of any of the numbers. 


Example 13: Find the L.C.M. of 40, 36 and 126. 
Solution: We write prime factorization of each number and have 

40 =2х2х2х 5 

36 = 2х2 × 3 ×3 

126 = 2 x 3 xX 3 X7 

We note that 2 occurs as a prime factor maximum three 
times, 3 two times, 5 one time and 7 one time. 
Therefore, required L.C.M. = 2x 2x 2 x 3x 3 X 

SEX 


= 2520 
We also use division method to find the L.C.M. of the given 
numbers. In this process, we set aside all common factors of two or 
more given numbers by division. The product of all the common factors 


set aside and of those that remain is the required L.C.M. of the given 
numbers. 


Example 14: Determine the L.C.M. of 112, 140 and 168. 
Solution: We use division method to find the L.C.M. of 112, 140 
and 168 and have 
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112 140 168 


2 
2 
2 28 35 42 
7 


Therefore, L.C.M. = 2x 2X 2X 7X 2X 5x3 
— 1680 


Example 15: Determine the lowest natural number which when 
divided by 16, 28, 40, 77 leaves remainder 8 in each 
case. 

Solution: We know that the lowest number divisible by 16, 28, 40, 
77 is their L.C.M. Therefore, the required number must 
be 8 more than their L.C.M. Now to find their L.C.M. 


we have 

2 (16 28 20 077. 

2 8 14 20 77 

2 д9 07 100097, 

7 DL Seal 
ГЕЛЕ ES У 


Therefore, L.C.M.=2*2xX2xX7X2xX5xX l1 
= 6160 
Hence, the required number = 6160 + 8 
= 6168 
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4.9 Some Properties of Н.С.Е. and L.C.M. 


In view of our discussions in this chapter, we here list certain facts 
concerning ће Н.С.Е. and the L.C.M. of numbers. 


1. 


2. 
35 


The H.C.K of given numbers is not greater than any of the 
numbers. | 

The L.C.M. of given numbers is not less than any of the numbers. 
Н.С.Е. of two coprime numbers is 1. Therefore, to determine 
whether or not two numbers are coprime we see whether or not 
their Н.С.Е. is 1. 

Obviously, the L.C.M. of two or more coprime numbers is their 
product. ` 

If a number, say a, is a factor of another number, say b, then the 
Н.С.Е. of a and b is a and their L.C.M. is b. 

Since the H.C.F. of two or more numbers exactly divides each of 
the given numbers and each of the given numbers exactly divides 
their L.C.M., therefore, their H.C.F. must be a factor of their 
L.C.M. Consequently, there cannot ce two numbers whose 
H.C.F. is not a factor of their L.C.M. 


We now discover a very important property concerning the H.C.F. 


and the L.C.M. of two numbers. Let us take the numbers 35 and 
40. 


H.CF.of35and40: 5 
L.C.M.of35and40: 280 


Product of H.C.F. and L.C.M. = 5 x 280 
= 1400 

Product of the given numbers = 35 x 70 
= 1400. 


Let us consider one more pair of numbers, say 50 and 60. 
Н.С.Е of 50 and 60: 10 


L.C.M. of 50 and 60: 300 
Product of Н.С.Е. and L.C.M. = 3000 
Product of the numbers = 50 x 60 


= 3000 
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In each case we find that the product of the Н.С.Е and the L.C.M. of. 
two numbers is equal to the product of the given numbers. The proof of 
this property is beyond the scope of the present textbook. However, 
this can be verified by taking some other examples of numbers. ) 

This property is sometimes used to find the L.C.M. of two very large 
numbers as we get 
Product of the numbers 

H.C.F. of the numbers 


Example 16: On a particular day, from Delhi to Meerut buses ran at 
intervals of 40 minutes while from Meerut to Delhi they 
ran at intervals of 45 minutes. At what earliest time 
would two buses coming from opposite directions pass 
a particular bridge if they passed the same bridge at 

` 10.15 a.m.? ! 
Solution: The earliest time, in minutes, should be the L.C.M. of 
40 and 45 added to 10.15 a.m. і 
Г.С.М. of 40 and 45 = 360 
Therefore, the two buses would have passed the same 
bridge after 360 minutes, ie. 6 hours after 10.15 a.m. 
Hence, the two buses would pass the bridge at 4.15 p.m. 


L.C.M. of two numbers = 


EXERCISE 4.5 
1. Determine the L.C.M. of numbers in each of the following: 
(i) 48,60 (ii) 18,77 
(iii) 12,15,45 (iv) 15,30,90 
(v) 45,105, 165 (vi) 6, 15, 18, 30 
(vii) 180, 384, 144 (уш) 240, 420, 660 
(ix) 108, 135, 162 (x) 112, 168, 266 


2. For each of the following pairs of numbers show that the product 
of their Н.С.Е and L.C.M. equals their product: 
(i) 14,21 : (ii) 117,221 
(iti) 25,65 . (iv) 27,90 
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Determine the lowest common denominator for fractions in each 
of the following: 
3 ДЫ) 4 7 8 


Q 65° or ny 0 215° 1357 105 


. Given that the Н.С.Е. of two numbers is 16 and their product is 


6400, determine their L.C.M. 


. Is the product of three numbers always equal to. the product of 


their H.C.F. and L.C.M.? 


. The H.CF. and the L.C.M. of two numbers are 13 and 1989, 


respectively. If one of the numbers is 117, determine the other. 

Can two numbers have 14 as their H.C.F. and 204 as their L.C.M. 
Give reasons in support of your answer. 

In a school there are two sections — Section A and Section B — of 
Class VI. There are 32 students in Section A and 36 in Section B. 
Determine the minimum number of books required for their class 
library so that they can be distributed equally among students of 
Section A or of Section B. 

Telegraph poles occur at equal distances of 220 m along a road 
and heaps of stones are put at equal distances of 300 m along the 
same road. The first heap is at the foot of the first pole. How far 
from it along the road is the next heap which lies at the foot of a 
pole? 

Find the smallest number which when divided by 25, 40 and 60 
leaves remainder 7 in each case. 

A boy saves Rs 4.65 daily. Find the least number of days in which 
he will be able to save an exact number of rupees. 

In a morning walk three persons step off together. Their 
steps measure 80 cm, 85 cm and 90 cm, respectively. At what 
distance from the starting point will they again step off together? 
Determine the two numbers nearest to 10000 which are exactly 
divisible by each of 2, 3, 4, 5, 6 and 7. 

Determine the number nearest to 100000 but greater than 
100000 which is exactly divisible by each of 8, 15 and 21. 
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Things to Remember 


A factor of a number divides the number exactly. 
A multiple of a number is exactly divisible by the 
number. 
Every number is a factor as well as a multiple of itself. 
1 is a factor of every number and is the only number, 
which is neither prime nor composite. 
2 is the only even prime number. 
Prime factorization of a number is unique 
irrespective of the order of its factors. 
Primes occurring in pairs with a difference of two are 
called twin primes. 
The product of H.C.F. and LC.M. of two numbers 
equals their product. 
Coprime numbers have 1 as their only common 
factor. Thus the H.C.F. of any two prime or coprime 
numbers equals 1. 
The LCM. of any two prime or coprime numbers 
equals their product. 
The Н.С.Е. of two or more numbers is never greater 
than any of the numbers. 
The LC.M. of two or more numbers is never less 
than any of the numbers. 
The H.C.F. of two or more numbers is a factor of 
their LC.M. 
A number is divisible by 
(i) 2, if the unit's digit of the number is 0, 2, 
4, 6 or 8. 
(ii) 3, ifthe sum of the digits is divisible by 3. 
(ii) 4, if the number formed by its digits in 
ten’s and unit’s places is divisible by 4. 
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CHAPTER FIVE 


Integers 


IN THIS CHAPTER, we shall extend our number system from whole 
numbers to integers, represent integers on the number line, discuss the 
idea of absolute value of an integer, operations on integers and their 
properties and study what are called powers of integers. 


5.1 The Need for Integers and Their Introduction 


In the earlier chapters, we have studied whole numbers and operations 
on them. We saw that it is not always possible to subtract a number 
from another in whole numbers. For example, we have no whole 
number to represent 6 — 10, 10— 17, etc. Therefore, there is a need to 
extend our number system so that we have numbers to represent such 
differences. . 

Let us consider natural numbers, ie. 1, 2, 3, 4, 5, . . . and for each 
natural number (whole number other than zero) we исү a new 
number as follows: 


For 1 we create — 1 (called negative one or minus one), such that 
1 + (-1) = 0. —1and 1 are called opposites of each other. 

For 2 we S — 2 (called negative two or minus two), such that 
2 + (-2) = 0. -2 and 2 are called opposites of each other. 

For 3 we create —3 (called negative three or minus three), such 
that 3 + (—3) = 0. 3 and —3 are called opposites of each other, 
and so on. 


Thus, our new collection together with whole numbers becomes 0, 1, 
—1,2, —2,3, —3.... We rewrite this as | 


сез ООУ 253) 8? 
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These numbers are called integers. The numbers 1, 2, 3... , ie. natural 
numbers are called positive integers and —1, —2, —3 .. . are called 


negative integers. 

The number 0 is simply an integer — it is neither positive nor 
negative. Positive integers are also written as +1, +2, +3..., 
however, the plus ( + ) sign is usually omitted and understood. 

A point to note here is that whenever opposites are involved 
simultaneously in a real situation, it is necessary to use integers to 
express the situation in mathematical terms. For example, profits and 
losses of a shopkeeper during certain period, heights of places 
expressed in terms of distances above and below sea level, temperatures 
of objects or places in terms of degrees above and below 0°C, etc., all 
need positive and negative integers for their representation. In such 
situations, one can represent profits, heights above sea level, 
temperatures above 0°C, etc. by positive integers and their opposites, 


namely losses, heights below sea level, temperatures below 0°C, etc. by 
negative integers. 


Remark: We use the symbol ‘—’ to denote negative integers. We also 
use this symbol to indicate subtraction. The context will 
make it clear whether we mean negative integer or 
subtraction. For instance, when we say that the temperature 
at Srinagar was —8°C, it is immediately clear that no 
subtraction is involved and that the negative integer ‘— 8’ is 
indicated. On the other hand, when we say, ‘determine 46 — 


17’ it is immediately clear that subtraction of 17 from 46 is 
required. 


5.2 Representation of Integers on Number Line 


Since negative integers are opposites of Positive integers, viz. natural 
numbers, we represent them in the Opposite direction, i.e. on the left 
Side of zero on the number line. The opposite integers ( 


1 e.g. 3 and —3) 
are kept at the same distance from zero which is regarded as neither 
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positive nor negative. Thus, we have the integers on the number fine as 
shown in Fig. 5.1. 


= T EAI s Т irte j aot Pi O 
сеир 0.392. Mell, AON Wily К 2 3a OP E OP) ae E 
Fig. 5.1 


5.3 Ordering of Integers 


Let us carefully observe the number line given in Fig. 5.1 above. We 
recall that every whole number on the right of the number line was 
regarded as greater than every whole number to its left. Here also we 
follow the same convention. We find 
2 > 1 since 2is to the right of 1. 
1 > 0 since 1 is to the right of 0. 
0 > -1 since 0 is to the right of — 1. 
—1 > -2 since —1isto the right of —2. 
We conclude: 
(i) Every positive integer is greater than every negative integer. 
(ii) Zero is less than every positive integer. 
(iii) Zero is greater than every negative integer. 
(iv) The greater the number, the lesser is its opposite. 
For examples S2 2 SIS 2, UMS SI 
other 325 If a and b are two integers such that a > b, then 
—a < —b. 
5.4 Absolute Value of an Integer 
The absolute value of an integer is the numerical value of the integer 
regardless of its sign. Thus, the absolute value of an integer is always 


positive. On the number line it is regarded as the distance of the integer 
from 0 irrespective of its direction. Thus, the absolute value of 
Svi 


IS 5; 

— JN US 
t7 is 7, 
= TS ds 
0 is 0. 
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The absolute values of integers are essential in the further study of 
integers. We use two vertical lines, one on either side of the integer to 
show its absolute value. Thus, absolute value of —3 is expressed by 
writing | — 3 |, that of +4 is expressed by | + 4 |. We find 


[+ 6 |= 6 [—-6 | 6 
1-1 | = п |+ = 
We conclude: 


If a represents an integer, 
|a| = a ifa is positive or zero 
|a| = —a ifa is negative. 


EXERCISE 51 


1. Givethe opposites of 
(i) Increase in population (ii) Depositing money ina 


: bank 
(iii) Earning money (iv) Going east 
(v) 12 (vi) —2 
2. Indicate the following by using integers: 
(i) 3° above zero (ii) 5° below zero 
(iii) A withdrawal of Rs 25 (iv) A deposit of Rs 100 in 
from an account [ an account 


3. ` Which number in each of the following pairs is to the right of the 
other on the number line? 
(i) 17. (i) -2,-5 (ii) 0,-3 (i) —5,8 
4. Using the number line, write the integer which is 


(i) 4 more than 3 (ii) 5 less than 2 
(iii) 8 more than —9 (iv) 7less than —3 
5. Which number in each of the following pairs is smaller? 
(i) 8,-8 (ii) 0,—12 
(itt) ПО 5:5 (iv) 318, — 356 
6. Write all integers between 
(i) —Sand2 . ii) Oand4 
(iii) —4and4 » 


(iv) —7and0 
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7. Replace « in each of the following by < or > so that the 


statement is true: 
(i) 0*5 (ii) = cut 
(ш) -3*0 (iv) —81* 18 
(v) —13* 13 (vi) —253 * —523 


| 8. Write the absolute value of each of the following: 

(0 17 1) 23 (iii) O (iv) —107 

(v) —245 (vi) 1024 (уй) (x—2) if х is greater 

(viii) (x— 2) if x is less than 2 than 2 
9. Which of the following statements are true? 
(i) The smallest integer is zero. 
(ii) The opposite of zero is zero. 
(ii) —18 is greater than — 5. 
(iv) A positive integer is greater than its opposite. 
) 


iv 

(v) Zero is not an integer since it is neither positive nor 
negative. 

(vi) The absolute value of an integer is always greater than 
the integer. 


5.5 Addition of Integers 
We know how to add two whole numbers. Since each whole number is 
either a positive integer or zero, We can add the integers if they are 
positive or zero. But what happens if both of them or one of them is 
negative? We should like to have a rule or rules for addition of integers 
which would give us answers consistent with our everyday experiences. 
For example, we know that a profit of Rs 5 and a loss of Rs 2 result in a 
net profit of Rs 3. Therefore, we must have 5 + (—2) = 3. A profit of Rs 3 
and a loss of Rs 5 result in a net loss of Rs 2. Therefore, we must have 3 
+ (-5)= - 2. Similarly, a loss of Rs 3 and again a loss of Rs 2 result in 
a net loss of Rs 5. We, therefore, would like to have (=3) + (—2) = 
=: 

Let us go back to the number line and recall that + 3 (or 3) 

f 3 units to the right of zero and = 3 represents 


represents a movement о | 
а movement of 3 units to the left. With this background, let us represent 
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some addition facts for integers on the number line. 

Let us represent 2 + 4 on the number line. We begin at zero and 
move 2 units to the right. We reach at 2. We further move 4 units to the 
right and reach at 6 (see Fig. 5.2). 


Fig. 52 


Thus 2 + 4 = 6. We note that |2| + |4| = 6 


Let us now represent ‘2 + 4° on the number line. We first move 2 
units to the left of zero and then from there move 4 units to the right to 
account for + 4 (see Fig. 5.3). We reach at 2. 


Fig. 5.3 


Thus -2 + 4 = 2. We note that |4| — | 22] = 2. 

Finally, we Iepresent —2 + (—4) on the number line. We first move 
2 units to the left of Zero to account for —2 and further move 4 units to 
the left to account for — 4. Thus, we reach at — 6 (see Fig. 5.4), 
Therefore (—2) + (—4) = —6. We note that | — 2| + |-4 | = 6 and 
-(-2]x 1-4] -6. | 
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In view of the above, we conclude: 

(i) To add two positive integers or two negative integers, we add 
their absolute values and assign the sign of the addends to the 
sum. 

Example 1: Add —2578 and — 636. 
Solution: We observe that both the integers are negative. 
Therefore, we use rule (i) mentioned above. 
| —2578| = 2578 | —636| = 636 
—2578 + (—636) = — (2578 + 636) = — 3214 

(ii) To add a positive and a negative integer, we determine the 
difference of their absolute values and assign the sign of the 
addend having greater absolute value. 


Example 2: Add 384 and — 905. 
Solution: The integers are of unlike signs. Therefore, to find their 
sum we use rule (ii), mentioned above. 
[384| = 384 | —905| = 905 
384 + (—905) = — (905—384) 
= — 521 


5.6 Properties of Addition of Integers 


When we extend our number system from whole numbers to integers, 
all properties of operations on whole numbers remain intact. There may 
be one or two additional properties. It is so because all whole numbers 
are also integers. We briefly state the properties of addition as follows 


where a, b, c represent integers. 

Property I: a+ bis an integer. 

Examples: (i) 2 + (-7) = = 5, — 5 is an integer 
ii) -3 + (—8) = —11, — 11 is an integer. 

(ii) 17 + (—6) = 11, 11 is an integer. 
Property Il: a+b=b+a ; 
Examples: (i) 3 +(—4) = (—4) + 3 since each equals (= 1). 
) 1, (—9) = (—9) + (—3) since each equals 

2). 


— 


(= 
(= 


80 


MATHEMATICS 
Property Ш: a + (b +c) = (a + b) +c x 
Examples: (i) [(—3)+(—2)]+ 5 = (-3) + (72) + 5] 
Since [(— 3) + (—2)] + 5 = (-5) +5 = 0 
and (—3) + [(—2) +5] = (-3) +3 = 0 
(i) 0-1) + 4] + (—6) = (~1) +[4 + (-6)] 
Since [(—1) + 4] + (-6) = 3 + (=6) = - 3 


and (аА еу (e Di 2) = = 3 
As before, we usually write a + b + c for the equal sums md 
above. 
. In view of Properties II and III even if we rearrange a given 
collection of three or more integers their sum is not changed. 
Property IV: а+0=0+а=а. 

Property V: We recall that if we add 1 to any whole number, we get 
the successor of that whole number. In case of integers 
also the same property holds. However, in case of 
"whole numbers, 0 was not the successor of any whole 
number. In the case of integers, 0 is the successor of 
— 1, — 1 is the successor of — 2, and so on. 

Example 3: Find the sum of — 21, — 9,63, — 22 and —28. 

Solution: (20 + (—9) + 63 + (—22) + (—28). . 
` = [(=21) + (-9) + 63 + 0-22) + )-28([ 
— 30 + 63 + (—50) 
[730 + (—50)] + 63 
—80 + 63 
=p A 


EXERCISE 5.2 


1. Draw a number line and represent each of the following on it: - 


(i) -6+8 (ii) 5+(-9) 
(ш) —3+(-8) (iv) -1+(-2)+2 
(у) —2+7+(—8) (vi) —2+(—3)+(—5) 
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2. Add the integers in each of the following: 


(i) —245, 111 (ii) 2567, —3 
(Gi) 10001, —2 (iv) — 99005, 360 
(v) —498, -320 (vi) —5894,0 
(vii) 3003, — 999 (viii) 2884, —2884 
(ix) 2547, -2548 (x) —623, — 5832, 3 
(xi) —982, 1934, — 18, - 2034 
(di) — 4329, 4648, 4371 


3. Find the sum: 
) 100 + (—66) + (—34) 

) 1262 + (—366) + (—962) + 566 
) 908 + (—8) + —1) + 1 —300 
) + 
) 


سے 


( 
—391 + )-81( + 9 + )-18( 
373 + (—245) + (—373) + 145 + 3000 
(vi) 1 + (7475) + (7475) + (— 475) + (—475) + 1900 
4. Let us invent an operation жог integers such that for two integers 
aandb 
atb=atb +(=1) 
For example, 2 *3 = 2 + 3 + (-1) = 4. Determine: 
û) 3«(-4) G) 15*(-1( 
Which of the following statements are true? 
(i) Thesum ofa number and its opposite is zero. 
(ii) The sum of two negative numbers is a positive 
number. . 
(iii) The sum of a negative number and a positive number 
is always a negative number. 
) The successor of —297 is — 298. 
(v) The sum of three different integers can never be zero. 


5.7 Subtraction of Integers 
tive integers suggest pairs of opposite numbers, 


The positive and nega 
2 and — 2, 3 and — 3, etc. We observe that the sum 


for instance, 1 and — 1, 
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in each pair is zero, namely, 1 + (—1) = 0,2 + (—2) = 0, etc. In any 
such pair each integer is called the negative (or additive inverse) of the 
other. 

Thus, for each non-zero integer, a, there is an integer '—a' such that 
a + (—a) = 0. —a’ is called the negative (or additive inverse) of a. 
Negative of zero is zero itself. 

We recall that subtraction is a process inverse to that of addition. For 
instance, to subtract 3 from 7 is the same as to find a number which 
added to 3 gives 7. 

Suppose we want to subtract ‘— 3’ from 4. It means we want to find a 
number which added to ‘—3? gives 4. Obviously, such a number is 7. 
Let us see how we do it with the help of number line. To subtract ‘— 3’ 
from 4 suggests that if we are 3 steps to the left of starting point, i.e. 0, 
we need to determine the number of steps required to reach 4. From 
Fig. 5.5, we see that the number of Steps required is 7. Therefore, 


(S9) = 7 
Also, 4 + 3 = 7 
| Senile Я 
> SE Yall ages ОК т: Bim me [EO 
SOF =4 -3 2 -1 QU eS НТА, 5 
. Fig. 5.5 


Thus, we see that to subtract *—3' from 4, we add the negative 


additive inverse) of ‘— 3” to 4. In fact this is the rule for subtraction 
integers. The rule states: 


Ifa and b are two integers, to subtract b from a, we change the sign of b 
and add it to a, i.e. 


(or 
of 


a-b-a*(-b). 


Thus, we use + (—b) and —b interchangeably. 
Example 4: Subtract ‘— 13’ from‘— 5. 
Solution: We change Һе sign of ‘— 13’ and add to ‘— 5’. 
Thus, -5 – (—13) = —5 + 13= 8 
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In view of the above discussions and various properties of addition we 
are now in a position to find the value of an expression containing 
various terms with plus and minus signs as follows: 


Example 5: 


Step 1: 
Step 2: 
Step 3: 


Step 4: 


Solution: 


We add all terms with plus signs together. 
We add all terms with minus signs together. 
We find the difference of the absolute values of the two 
sums obtained in Steps 1 and 2. 
We assign to the result of Step 3 the sign of the sum 
having larger absolute value. 
Find the value of 
—12 + (—98) — (—84) + (-7) 
We rewrite the given expression as 
—12- 98 + 84 — 7 =(—12 — 98 –7) + 84 
= — 117 + 84 
= — 33 


5.8 Properties of Subtraction 


Property 1: 


Property II: 


Property Ш: 


1. 


Subtract the first integer from the second in each 


We have seen that the difference of any two integers is 
also an integer. In other words, if a and b are two 
integers and a — b — c, then c must be an integer. 

Note that this property does not hold for whole 
numbers. 

In whole numbers 0 had no predecessor. In integers, 
— 1 is the predecessor of 0. Thus, if a is any integer, 
*a — 1’ is its predecessor. 

As in the case of whole numbers, if a is an integer, 
а-0 =a. 


EXERCISE 5.3 


of the following: 


(i) 3,8 (№) 10,—4 (ii) —15,10 (iv) — 200, — 100 
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.(v) 1001,101 (vi) 2, 7 (vii) — 812, 3126 
(vii) 8650, —6 (ix) — 3987, —4109 (x) — 155, 0 
(xi) 0, —1005 (xii) 83241,40321 
Subtract — 5 from 7. Subtract 7 from — 5. Are the two results the 
same? 
Replace * by ‘<’ or ‘>’ in each of the following to make the state- 
ment true: 


(i) (=6) + (—9)*(—6) - (-9) 

Gi) (12) — (-12)*(—12) +(—12) 

(iii) (—20) — (+20)*20 — (+65) 
Fill in the blanks: 

(i) -6+—=0 

(ii) 19 +—=0 

(ш) 12 + (212) = — 

(iv) —4 + — = 12 

v) —256 + — = —396 

(vi) — —215 = —64 


The sum of two integers is 48. If one of the integers is — 24, 
determine the other. 
The sum of two integers is —396. If one of them is 64, determine 
the other. М 
Find the value of 
(i) \=17 = (= 13) 

(i) еке Б 25) 
iii) (2=3)+(2—3) 
) =13 + 32 – 18-1 
эй (йу 20) 
J Il 8 (290) 
) 18 - 0-3) + 15] 

(vii) —12 — [(-15) + (-2) -3] 
P and q are two integers such that p is the predecessor of q. Find 
the value of P — q. 


If A is an operation such that for integers a and b,a Ab = — a 
+ b — (—2) find the value of 
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(i) 4A3 (ii) (—2) A(-3) (iti) 6 A(—5) (iv) (5)A6 
10. Which of the following statements are true? 
ү => Co E (E22) 
(i) -4+(-2)<2 
(ii) The negative of a negative integer is a positive integer. 
(iv) Ifa and b are two integers such that a > b then a — b 
is always a positive integer. 
11. Calculate 
1-2+3-4+4 5 бүл 19 = 20 
12. Calculate the sum 
ENE ED АРА A ы. 
(i) ifthe number of twos (terms) is 319. 
(ii) if the number of twos is 230. 


5.9 Multiplication of Integers 


We recall that multiplication is repeated addition. For instance, 


3x 5 = 5 + 5 + Sor 15. 
In the same way We can 


Thus, 
Ax(-5)-(-5S*(-5)* (75) C75) 
— 20 Z š 


| = – (4х 5) 
Let us now consider the product (—4) X 3. We have. 


find the product of any two integers. 


I ot Wl 


(=4) × 3 = 3 × )-4( (Why?) 
= -4 + )-4( + )-4( 
--12 
So 
In view of the above, we conclude: 
To find the product of a positive and a negative integer, we find the 


product of their absolute values and assign minus sign to the product. 
Let us now find the product of two integers with like signs, i.e. either 
both the integers are positive or both of them are negative. 
If both the integers are positive, they are whole numbers and the 


product is obtained as in the case of whole numbers. 
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Let us consider the case when both the integers are negative. Let the 
integers be ‘— 3’ and ' — 2’. To do this, let us observe the following table: 
| (-3)x 4 = —12 


(3)x3 = 09 
(=I 52. E 6 
XM NES 
(-3) хо = 0 

кто ce D IM е 2 


We observe that as the second integer decreases by 1, the product 
increases by 3. Therefore, the product (— 3) x (— 1) should be 3 more 
than 0, i.e. 3. Similarly, (—3) x (—2) should be 3 more than 3, i.e. 6, 
and so on. We have, thus, found 

(—3) x (-2) = 6 
= + (3 x 2) 
The distributive property of multiplication over addition (which also 
holds good in integers) also helps us in getting the same result. We have 
(~3) x [2(—2)] = (—3) x (0) 
or,(—3) x 2 + (—3) x (-2) =0 
or, -6 + (—3) x (-2) = 0 

This shows that (—3) x (—2) is the integer which when added to 
‘— 6’ gives the sum zero. We know that 6 added to ‘—6’ gives zero as the 
sum. Therefore, 


(-3) × )-2( = 6 = + (3 х2) 
In view of the above, we conclude: 
The product of two integers, both positive or both negative, is a 
Positive integer equal to the product of the absolute values of the 
integers. 


Example 6: Determine each of the following products: 
(i) (-15)x(—-18) (ii) (-23) x 7 
Solution: (i) (—15) x (—18) = + (15 x 18) 
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5.10 Properties of Multiplication 


erties of multiplication of whole numbers also hold for integers. 


All prop 
brief as follows wherein à, b, с are integers. 


We restate the properties in 
Property I: a Xb is an integer 
Examples: (i) 2 X (—3) = = 6, — 6 is an integer. 
(ii) (73) х (—7) = 21, 21 is an integer. 


Property I: a Xb =b Xa 
Examples: (i) 3 x (—4) = (-4) х 3aseach equals (— 12). 
(ii (—6) x (—7) = (—7) x (~6)as each equals 42. 


aX(bXc = (a Xb) Xe 


Property Ш: 

Examples: (i) (=2) x [3 x (-5)] = [(-2) х 3] x (—5) 
Sine (72) x [3 x (—5)] = (—2) x (—15) = 30 
and IY CO (65) noU 

(ii) (-4)x (75) x (~6)] = (74) × (73) x (76) 

Since (=4) x [(—5) × (=6)] = (74) x (80) = > 120 

and [=4) x (75) × (—6) = (20) x (-6) = = 120 

AS before, we write a X b X c for the equal products mentioned 


above. B 
s II and III even if we rearrange the integers in a 


In view of Propertie: 
product of 3 or more integers, it does not change the product. 


We also observe that 


(i) When the number of negative integers in a product is odd 


the product is negative. 
(ii) When the number of negative integer: 


the product is positive. 


s in a product is even, 


For example, each of the products ( — 3) x (-2) x (=з) х 4,(-1) 
x 7 x 8and(-4) X (=5) × (—6) × (—7) x (— 8) must be negative 
and each of the products ( - 2) X (= 5),(-2) х (=6) х Запа (=7) х 
(—8) x (5) х (-9) х7 х 4 must be positive. 
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Property IV: 
Property V: 


Property VI: 
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ax0=0Xa=0 
aXl=1Xa=a. — | 


We have the following additional property. 
a X (—1) = (C1) Xa=-—-a 
We know that a and —a are opposties of each other. 


Thus, to find the negative of an integer, we need to 
multiply the integers by ( —1). j 


Property VII: (i) ‘a X (b+c)=aXbt+axXc 
(ii) aX(b—c)jcaXb—axc 
Examples: (i) (—3) x [(-5) + 4] = (—3) x (-5) + (-3) x 4 
Since (—3) x [(-5) + 4] = (-3) x (-1) =3 
and (-3)х(–5) + (-3) x 4 = 15 – 12 =3 
(i) (=6) x [(-2) — 5] = (-6) x (-2) – (-6) x 5 
Since (=6) x [(-2) — 5] =(-6) x (-7) = 42 - 
and = (—6) x (—2) – (-6) x 5 = 12 — (—30) = 42 | 
EXERCISE 5.4 
1. Find each of the follows products: 
(i) 2x (=15) (ii) (=225) x 8 
(їй) (—17) x (-20) (iv) 3x(-8)x5 
(у) 9 x (—3) x (-6) (vi) (-12) x (-12) x (-12)7 
.(vü)-(-2)X 36 X(-5) (уш) (=8) x (—43) x 0 
(x) 18 x(-185) x (=4) (ху (—45) x 55 x (—10) 
(ч) (-1)x(-2)x(-3) x (74) x (- 5) 
(xii) (=3) x (—6) x (-9) x (—12) 
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2. Complete the following Multiplication Table: 


2389 


Second Number 
s Т D 
x|-4|23|-2]-1/0] 12,3 4 
E qae UIE leva? t 
Шалон eee | 
к | ЖҮ 
Н кг р 
аас | 
Š E A 
E [hls une 
2 V TOC ДИ Io И. 
E: 0 L ا تک کا‎ RM 
E 1 
2 sheet L а Бал 
3 ЕҢ 
у 
4 
ү зо EE ae і 
Is the Multiplication Table symmetrical about the diagonal 
joining the upper left corner to the lower right corner ? 


3. Find the value of 
i (—8) x 0 x 37 x(-37) 
(ii) 1569 х 887 — 569 x 887 
) (183) x (44) + (183) x (756) 
iv) 18946 x 99 — (—18946) 
(v) 15625 x (-2)*(- 15625) x 98 
(vi) (-8)x(10 = 5 — 43 + 98) : 
4. What will be the sign of the product if we multiply together 
(i) 8 negative integers and 1 positive integer? 
(ii) 21 negative integers and 3 positive integers? 
Determine the integer whose product with ' — tis. 
(i) —40 (ii) 46 (ш) 0. 
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6. Compare, i.e. state which is greater: 
(i) (8 + 9) x 10and 8 + 9 x 10 
(ii) (8 — 9) x 10and 8 — 9 x 10 
(ш) 0-2) – (5)) x (-6)and(-2) -5 x (- 6) 
7. Which of the following statements are true? 
(i) The product of three negative integers is a negative 


integer. 

(ii) Of the two integers, if one is negative, then their 
product must be negative. 

(ii) The product of a negative and a positive integer may 
be zero. 


(iv) There does not exist an integer b such that fora > 1 
aXb-bxa-b 
(v) For all non-zero integers a and b, a х b is always 
greater than either,a or b. 


5.14 Division of Integers 


We know that division is inverse of multiplication. Each multiplication 
fact gives rise to corresponding division fact(s). i For example, the 
multiplication fact'2 x 3 = 6 gives the following division facts: 


6 + 2 = 3and 6 + 3 = 2 


In the case of integers we have (= 4) X 5 = —20 and the corresponding 
division facts are: ` 


-20 + )-4( = 5 and -20 + 5 = -4 


As usual, the number to be divided is called dividend and the 
number which divides is called the divisor. The result of division is 
called quotient. In the above example, we note that when dividend is ` 
negative and divisor is negative, the quotient is positive. When the 
dividend is negative and divisor is positive, the quotient is negative. Let 
us consider one more example and see whether or not the same thing 
happens. We take the multiplication fac (—5) x (—8) = 40. We get 
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Corresponding Division Fact Dividend Divisor Quotient 


40 + (-5)=-8 Positive Negative Negative 
-—5 Positive Negative Negative 


In view of the above we conclude: 


(i) The quotient of two integers both positive or both negative is. 
a positive integer equal to the quotient of the corresponding 
absolute values of the integers. 

(ii) The quotient of a positive and a negative integer is a negative 
integer and its absolute value is equal to the quotient of the 
corresponding absolute values of the integers. ! 


As usual, the divisor is a non-zero integer. In other words, division 
by zero is not defined. 


Example 7 : Divide . 
(i) 68 by — 17 (ii) — 78 by 13 (iii) (— 60) by (= 12) 


Solution: (0) J68| = 68,|—17| = 17 
We have 68 + 17 = 4 
Therefore, 68 + (-17) = —4 
(ii) (—78) = 13 = =(78 + 13) = —6 
(iii) (—60) + )-12( = +(60 +12) =5 


5.12 Properties of Division 

If a and b are two integers, a + b is not always an 
integer. For example, none of (=4) + 5,5 + (з 
1 + 2is an integer. 


Property I: 


Property П: For any integer a, 
a та = 1(а # 0) az 1 =а 
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Property III: For any integer a, 
a + (—1) = ~a,a + (а) = —1,(a < 0) 
(=a) + a= —1(a з 0) 
Property IV: For any non-zero integer a,0 + a = 0. 


‘EXERCISE 5.5 


1. Find the quotient in each of the following: 


(i) 18 +(-3) (ii) (—18) + 3 
(ii) (—18) + (—3) (v) 36 = (— 9) 
(v) (+48) + (–16) (vi) O+ (1) 
(vii) (—1728) + 12 (vii) —15625 + (—125) 
(ix) (—729) + (—81)' (x) 10569 + (—1) 
(xi) 200000 + (= 100) (xii) 17699 + (— 17699) 
2. ЕШіп the blanks: 

i) 296 + — = 296 

OE ASE == 

(ii) —— + 578 =0 

w ——= [= чү; 

v) —— = 156 = =7 

(vi) —— + 5672 — 1 


5.13 Use of Brackets - 


In order to simplify a numerical expression with two or more of the 
fundamental operations, we follow the conventions given below: 
(i) Generally we perform operations Sequentially from left to 


right їп the order division, multiplication, addition, 
subtraction. 


| For example, 


(a) 36 +6+3=6+3=9 
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12—442212-—2-10 
GG = q eS sS 4 
= 55-21 + 35-4 


= 90 - 21 - 4 
= 69 - 4 
= 65 


When the operations of division and multiplication occur 
simultaneously (as in 36 + 6 х 3) without an operation of 
addition or subtraction between them, which of the two 
operations, multiplication or division, is to be performed first, will 
be indicated by ( ). Thus, 36 7 (6 х3) shows that first the 
operation of multiplication is to be performed. 


Many a time we come across situations where we need to be 
certain to indicate definitely which operations are to be performed 
first. To do this we use brackets (grouping symbols). For example, 
if we want to divide 36 by the sum of 2 and 4, we indicate the sum 
_of 2 and 4 by (2 + 4) and write it as 


36 + (2 + 4) = 36 + 6 = 6 


If we do not use the symbol (), the expression becomes 
Зо Par 4 which means 18 + 4, ie. 22. In many situations 
arrangement of terms within a second group has to be indicated. In 
such a case, we use different symbols so that we can easily know 
which terms are combined together. For example, when we say, 
‘114 divided by the number 1 less than the product of 4 and 5’, we 
treat ‘4 X 5 as опе entity. We write (4 x 5) for this entity. We 


treat (4 х 5)—1'а5 the second entity and write (4 X 5)— 1} for this 


using another symbol { } to indicate the new arrangement. Thus 


the expression becomes 


па + ))4 5) > 1 
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Most commonly used grouping symbols аге: 


Symbols Names 
( Parentheses or common brackets 
ip Braces or curly brackets 
[| Brackets or square brackets 


The left part of each symbol indicates its start and the right part 
indicates its end. 

(iv) In some cases we may use another symbol ‘—’ called bar / 
vinculum which in order comes first. It occurs on the 
innermost terms and is placed like 

36 + (8-4+2). 

In an expression, if more than one symbols are used, we first remove 
the innermost symbol by doing the operations involved and then 
proceed with the next innermost, and so on. While removing such 
symbols we keep in mind that we mean ‘multiplication’ when there is no 
sign of operation between a number and a grouping symbol. Thus, 

4(6—2) = 4 x (6-2) : 
If an arrangement within brackets is preceded by a ‘+’ 


sign, to 
remove brackets, we do the operations as follows: 
94732) =9 +7 -32 
IS > 3 
= 15 
If an arrangement within brackets is preceded by a'—' sign and we 
want to remove brackets, then we change all the positive signs within 


brackets to negatives and vice versa. For example, 
PEAT Sit 2) 9 — 7.3.5 
IQ — 7 — 5 
=3 
Let us now consider some examples that will make these 
ideas more clear. 4 


Example 8: Find the value of 
17 - [3 + (18 – (19 - 2)] 


Ш 
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Solution: 17 — [8 + (18 — (19—2)]] 
17 — [8 + (18— 37]] 


= 17 - [3 + 1] 
-17-4 
- 13 


Example 9: Us Шу: 
=13)'+(—6)i= 2 @ 5) КЕД = СЕЗЕ 
Solution: The given expression is equal im iene tral! 
(—13) + (-3) - [20 - {2 - (—2)}] 
= (—13) + (73) - [20 — 4] 
= (— 16) = (16) 
= — 32 ; 


EXERCISE 5.6 


1. Find the value of 

(i) 247 15 23 (ii 
(iii) 12-(3x5)*3 (i 
(у) 28-5 x6+2 ( 
(vii) (—15) 5 
(ix) ск 

(хі) (—40) 1) + (28) + 7 

(xii) (—5) - (—48) + (—16) + (—2) × 6 


2. Using brackets, write a mathematical expression for each of the 


following: 


+ 4+ ( 
17 + (=3) х ( 
x (-1) 


Five multiplied by the sum of two and three 

Twelve divided by the sum of one and three 

ii) Twenty divided by the difference of seven and two 

iv) Eight subtracted from the product of two and three 

(v) Forty divided by one more than the sum of nine and ten 
vi) Two multiplied by: one less than the difference of 
nineteen and six 
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3. Simplify: ; 

(i) 20 + {10 - 5 + (7 – 3) 

(ii) 81 x [59 — {7 x 8 + (13 ¬ 2 x sy] 

(ii) 121 + [17 — {15 – 3(7 — 4) 

(iv) 3[18 + {3 + 4(4 — 2)] 

(v) (14 — 7) х [8 + (3 + 7 —1]] 

(vi) 18 + {1 + (15 — 2) x 4j 

(à) 2—-[2-(2-(2 -2—2y 
(viii) ЕЕ) л з у= 
(ix) (210-5) + (-25) x (= 7) — (8—10)(—4j 
(x) Кшз тсз ев (зуу 


5.14 Powers of Integers 


In mathematics we have to deal with a number of problems involving 


multiplication of a number by itself several times. We use a convenient 
notation to indicate this. 


For We Write ` We Read 

2x2 22 Two raised to two or two 
Squared or second power 
of two 

2х2х?2 DS Two raised to three or two 

: cubed or third power of 

two 

Dre DY DIK 24 Two raised to four or 
fourth power of two 

ОРО 25 Two raised to five or fifth 

j power of two 


Thus, 2? = 4,23 = 8 24 = 16, 25 = 32, an 


d so on. Obviously, 2! = 2. 
In ‘2° the number ‘2’ is called the base and 


`5” the exponent. 2°, i.e. 32 is 


the fifth power of 2. 
Similarly, үсе (е е эү O 
(73 = (-3) x (-3) x (-3 
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EXERCISE 11.1 


1. Count the number of line segments drawn in each of the following 


figures and name them: 
A 
——À——74 
A B С B D C 
(i) ? (ii) 
A 
Е А C 
B С 0 Е 
(iii) (iv) (v) 
Fig. 11.2 


2. Mark two points on a paper and draw a line segment joining them. 


Name it. : 
What is the difference between a line and a line segment? 


Give three examples of line segments from your environment. 


BS 


11.2 Comparison of Line Segments 


By comparison of two line segments we mean an (order) relation 
between theif lengths, that is, which of them is longer or shorter. 
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(i) Comparison by Observation 


Look at the two line segments AB and РО in Fig. 11.3(i).. Which of 
them is shorter? You can tell at once that PQ is shorter than AB. Now 
look at Fig. 11.3(ii). Can you tell at once which segment is longer? 
Probably not, because the difference in their lengths is so little that our 
eyes cannot get at it properly. 3T 


RA. 

: : . Q 

$ UR ey EM 

وه کے 

Р : Q A . B 
(i) (11) 


9 
_———— 
А \ в Up d 
gri) (iv) 
Fig. 11.3 


Let us look at the pair of match sticks (representing two 
line segments) in Fig. 11.3(iii) and Fig. 11.3(iv), respectively. Which of 
the two segments AB and PO is longer? You will probably say PQ since 
it appears to be longer to our eyes. But this is only an optical 
illusion — segments standing upright appear to be longer than the 
horizontal segments. Actually segment AB equals segment PQ, but our 
sight has misled us. Therefore, we need better metho 


ds of comparing 
two segments. : 


LINE SEGMENTS 


(ii) Comparison by Tracing 
Suppose we want to compare 
segments AB and CD. We take 
a tracing paper and place it on 
the segment CD [Fig.. 11.4(i)]. 
We trace the segment on the 
tracing paper with a ruler and a 
pencil. 

Now, we take this copy of 
the segment CD and place it 
on the segment AB so that C is 
placed on A and segment CD 
along segment AB. There are 
three possibilities for location 
of,point D on line AB: 

1. Dis between A and B 
[Fig. 11.4(ii)]. We say 
that segment CD is 
shorter than segment 
AB.WewriteCD < AB 
and read 'CD is 
less than AB' meaning 
that the length of CD 
is less than the length 
of AB. Note that for 
the length of segment 
AB we use the symbol 
AB and for the length 


of segment CD we use A 


the symbol CD, etc. 


2. D is just on B [Fig. 
11.4(iii)|. We say that 
segment CD is equal 
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1 Чә 
Fig. 11.4: Comparison by tracing 
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to segment AB. We write CD = AB and 
meaning that the length of CD is equal t 
two line segments having the same length a 


3. Dis beyond B[Fig. 11.4(iv)] 


segment AB. We write CD 
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read ‘CD is equal to AB’ 
the length of AB. Thus, 
те said to be equal 


. We say that segment CD is greater than 
> AB and read ‘CD is greater than AB’, 


meaning that the length of CD is greater than the length of AB. 


(iii) Comparison bya Divider 


Open your Beometry box. You 
will find an instrument whose 
picture has been given in Fig. 
11.5. It is called a ‘divider’. The 
divider has two arms which are 
hinged together. The arms 
have pointed metal ends. The 
distance between the ends can 
be changed or adjusted by 
Opening out or closing in the 
arms, j 


In order to compare two line segments AB and 


Fig. 11.5 


end-point of one arm of the divider on P and open the arms carefully so 
that the end-point of the other arm is at Q [Fig. 11.6(i)]. 


Now we lift the divider and wi 


end-point of one arm on A an 


thout disturbing its opening, place the 
d the end-point of the other arm on - 


segment AB. If the end-point of the second arm falls 


(i) between A and B, then PO < AB [Fig. 11.6(ii)]. 


PO, we place the 
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| | 
©) © n 
A B AT 


(QA [5 
(i) (ii) (iii) (iv) 
Fig. 11.6: Comparison by a divider 


(ii) on B, then PQ = АВ [Fig. 11.6(iii)). 
(iii) beyond B, then PQ > AB [Fig. 11.6(1у)], 


11.3. Measurement of Line Segments 
We have seen three ways of comparing line segments. But for these, we 
have to observe or to place one line segment over the other. A better 
way of comparing line segments is to measure these line segments. A 
line segment is measured by comparing it with a standard segment 
which we refer as a unit segment. The number of times a unit segment is 
contained in the given segment is called its measure or length. f 

The basic unit of length in the international system of units (SI) is 
metre, written in short form as m. This unit was originally adopted by 
the French in 1791 just after the French Revolution and was supposed 
to be approximately equal to one ten-millionth part of the distance from 
the Equator to the North Pole. Metre is now defined as 1650763.73 
wavelengths of the orange line in the spectrum of the Krypton isotopes 
86 measured in vacuum and is equal to the distance between two fine 
marks on a platinum-irridium bar kept in a vault near Paris. Some of the 
multiples and sub-multiples of metre are given in Table 11.1. 


Р 
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TABLE 11.1 


Unit of Length Derived from Metre 
Unit Symbol Relation 
adf ОШ mm 1 1mm = E m 
ў : 1000 
s 1 
1 ; m OE 8 
centimetre | € cm 100 
; 1 
decimetre dm 1 dm =—m 
10 . 
decametre dam 1dam = 10m 
hectometre : hm 1 hm = 100m 
kilometre | Кт 1km = 1000m 
Note that 1m = 100 cm, 1 cm = 10 mm, 1 m = 1000 mm. 
Example: Convert 1.56 metres into centimetres. 
Solution: 1.56m = 1.56 x 100 cm (Since 1 m = 100 cm) 


— 156 cm 


India has adopted the SI system of units since 1962. Prior to that we 
had the FPS (foot-pound-second) system of units. The basic unit of length 
in this system is a foot. The other common units of length in this System 
and their relation with SI units are as follows: 15 

inch 1in = 1" = 0.0254 m = 2.54ст. 

foot 1ft = 1 = 12” = 0.3048 m = 30.48 cm 

yard 1yd = 3’ = 36” = 0.9144 т 

mile 1 mile = 1760 yd = 5280 ft = 1.608 km 
1m = 1.094 yd = 3281 ft = 39.37 in 
1km = 0.6215 mile 

For our class work, we use a straight edged ruler (an instrument of 
. your geometry box) with centimetre and millimetre marks on one edge. 
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The opposite edge has inch marks and tenths of inch marks. Usually the - 
length of this ruler is a foot or 6 inches. The marks on the ruler are 
called graduations and the ruler is called a graduated ruler. 

In order to measure the length of a given line segment AB, we place 
the ruler with its edge along the segment AB such that the zero (0) mark 
of the ruler coincides with the point A (Fig. 11.7). Then we read the 


Fig. 11.7; Measurement of a line segment by a Ruler | 


the ruler which is against the point B. This mark indicates 5 
cm) and 8 small divisions (mm). So the length of . 
line segment AB is 5 cm 8 mm or 5.8 cm. 

Remarks: (i) For the above, we may also say that the distance between 


the points A and B is 5.8 cm. Thus, the distance between two points 


equals the length of the line segment joining them. ? 
(ii) If it is not possible to use the zero mark, we can start our 
measurement from any other centimetre (cm) mark. Suppose we 
place the ruler so that 1 cm mark is against A then, in the above case, 
B would have to be taken against the mark for the 8 small divisions 


after the 6 cm mark. . ) 
The marks оп the ruler аге not at the same level as the segment AB 
may cause some error in placing 


because of the thickness of the ruler. This 

zero mark against A or reading the mark against B. To avoid this difficulty, 

we can measure line segments with the help of a divider as follows: 
We open the divider so much that the end-point of one of its arms 
is at A and the end-point of the second arm is at B [Fig. 11.8 (i)]. Then 
we lift the divider and without disturbing its opening, place it on the 


‘mark on 
big divisions ( 
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(ii) 


Fig. 11.8: Measurement of a line segment by a Divider 


ruler so that the end-point of one arm is at zero mark 

11.8 (ii). We then read the mark against the end 
arm of the divider. In the figure, it is 7 small di 
the big division mark 2. Thus, the len 
2 cm 7 mm or 2.7 cm. 


as shown in Fig. 
-point of the second 
visions to the right of 
gth of the given segment AB is 


11.4 To Construct a Line S 


Suppose we have to construct a segment of length 3.8 cm. We mark a 
point A and then 


place the ruler so that zero mark of the ruler is at A. 
Mark with a pencil a point B against the mark on the ruler which 


egment of Given Length 
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indicates 3.8 cm (3 big divisions and 8 small divisions). Join poi 

2 À Ё . oint 
and B by moving the tip of the pencil against the straight dee of Wn 
ruler (Fig. 11.9). Thus, we obtain the required segment AB of given 


length. 


A B 


Line segments are also 
constructed Бу using an 
instrument called compasses. 
You can see this instrument in 
your geometry box. The 
compasses have two arms 
which are hinged together. One 
of the arms has a metal 
end-point. The other arm has a 
screw arrangement which can 
tightly hold a pencil whose 
end-point can be at an 
adjustable distance from the 
metal point (Fig. 11.10). 

To draw a line segment of length 3.8 cm, we mark a point A and 
draw a line, say 4 passing through it [Fig. 11.11())) Then we place the 
metal point of the compasses at zero mark on ruler and open out the 
compasses such that the pencil point is on the mark indicating 3.8 cm 


on the ruler [Fig. 11.11(ii)]. 
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Fig. 11.11 


Now, transfer the compasses as it is to the line / so that the metal 
point is on A. Then with the pencil point make a small stroke on /5о as 
to cut it at В [Fig. 11.11(iii)]. The segment AB has the required length of 


3.8 cm. : ; 
11.5 To Cut a Segment from a Given Line Equal to a Given Segment 


Let a segment AB and a point ә 
О оп a line / be given (Fig. 


11.12). WehavetofindapointX `. cue ae 
on / so that the segments AB 


and ОХ are equal. We can use — © Xv, 


a divider ог compasses for this ў 
construction. Неге, we are Fig. 11.12 
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using the compasses. Open out the compasses and adj 
metal point is on A and the pencil point is E, B. Then E е ue 
L the compasses without disturbing their opening so that the metal poi s 
is on UE m the pencil point make a small stroke on the ebd 
cut it at the point X. We thus obtain the requi 
given segment AB. оета: 
Remark: If the line segment to be measured or constructed is ve 
long, then longer measuring rulers are needed. Tailors i 
graduated metre tapes or rods (100 cm) to measure cloth. 
11.6 To Construct a Segment XY whose Length i 
Lengths of Two Given Segments AB d cn ESLE 
The construction is as follows: 
We draw any line / and take any point X on it. Now, following th 
method of Section 11.5, we find a point P on / using С рок 


such that segment XP is 
equal to segment AB. Then T i 


we find a point Y on the ` узып 
D 


line / such that segment РҮ 
is equal to segment CD as 
shown in Fig. 1 1.13. 


Fig. 11.13 . 


Then XY is the required segment because the length of segment 

XY = XP + PY. In this case, we say that XY = AB + CD. 
11.7 To Construct a Line Segment XY Whose Length is the 
Difference of the Lengths of Two Given Segments AB and CD 


(AB > CD) 
The construction is as 
follows : 
Let us take any 

point X on any line D 

l Then using A B 

compasses we find У 3 YE 

the point P on line Па Зв 

so hat segment XP NEN ЫС 

Fig. 11.14 


is equal to segment 
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AB. Next, we find the point Y so that segment PY is equal to 
_segment CD as shown іп Fig. 11.14. Then, XY is the required 


segment because XY = XP — Py. In this case, we say that 
XY — AB — CD. 


Remarks: (i) There are two Positions for Y on the line /. Here, we 
should take that position of Y Which is on the same side of P as X. In 
the previous section, we took the other position of Y. (Why?) 

(ii) How can we measure the lengths of very long line segments 

Using a short ruler, say of length 15 cm? We may insert a number of 
points on the given segment breaking it up into shorter segments 
(cach of which is less than or equal to 15 cm), measure each segment 
and add the lengths to get the required measurement. 

Suggested Activity: Stand against a wall. With a pencil kept horizontal 
just over your head, ask your friend to mark the position of the pencil 
on the wall. Measure the distance of the mark from the floor and 
record the distance. What will you know from it? This distance will 
give your height. 


EXERCISE 11.2 


A 
1. Compare the two seg- С 
ments given in Fig. 11.15 
using a divider. 


2. Convert the following into centimetres: 
@ 14m (i) 7mócm (їй) 506m 
(iv) 5.8m (v) 1.067т (vi) 07m “В D 
(vii) 0.09 m (viii) 0.083 m (ix) 2 m 67 cm Fig. 11.15 


3. Convert the following into millimetres: 
(i) 7cm (ii) 4.5 cm (iii) 8m63cm 
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4, The end-point P of a line-segment РО is against 1 cm mark and 
the end-point Q is against the mark indicating 3.7 cm on a ruler. 
What is the length of the segment PQ? 
Guess the length and width (and height, if any) of the following 
objects in centimetres, and then measure them to check how far 
your guess was correct. 

(i) A postcard (ii) A match box 


(ii) Top of teacher's table (iv) Adoor 

6. InFig. 11.16, verify by measurement the following: 
(i) AC + BD = AD + BC 
(ii) АВ + CD = AD - BC 


ea E E O TT 
B (Cie D 


A 
Fig. 11.16 


7. Identify the longest and the shortest segments in each of the 
following figures with the help of a divider and then measure their 


lengths: 
Р 


(i) T 
(ii) x 
- Fig. 11.17 


8. In each of the following cases, state whether you can draw 


segments on the given surfaces: 
(i) The surface of an egg or apple. 


(ii) The base of a cone. 
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9. Construct the line segments whose lengths are: 
(i) 4cm7mm (ii) 12.3cm (iii) 2.0cm t 
10. By measurement, divide a line segment of length 8.4 cm into 
(i) two equal parts (ii) three equal parts 
11. Ineach of the lines given in Fig: 11.18, there are three points A,B,C. 
By measurement, verify : 
(i) AB + BC =AC 
(ii) AC —BC = AB 


Fig. 11.18 


12. Ineach of the lines in Fig. 11.19, verify that 
AB + BC+ CD = AD 


A B С 0 
Дыс» > 
Fig. 11.19 


13. Construct a segment AB of length 11 cm in your notebook. From 


this, cut a segment AC of length 3.7 cm. Measure the remaining 
segment. 


14. Construct two segments of lengths 4.1 cm and 2.5 cm. Construct 


a segment whose length is equal to the sum of the lengths of these 
segments. 
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15. Construct a segment CD 
whose length is twice the 


length of segment AB e— — — — e 
given in Fig. 11.20. (In A B 
such a case, we say that Fig. 11.20 
CD =2 AB.) 
16. If AB = 2.5 cm and CD = 1.5 cm, construct a segment whose 
length is equal to 


(i) AB- CD (ii) 2AB (iii) 3CD 
(iv) AB + CD (у) 2AB - CD 


Things to Remember 


. Aline segment is a portion of a line. 

. A line segment has two end-points and a line has 
none. 

. There is a unique line segment joining two given 
points A and B. It is denoted by AB. . 

. Thelength of a line segment AB is denoted by AB. 

. Two or more line segments having the same length 
are said to be equal. à 
1 т 100 cm = 1000 mm, 1 cm = 10 mm, 
1km = 1000 m, 1 yd = 3ft = 36in, 1 ft = 12 in, 
1 mile = 1760 yd 

. The distance between two points is the same as the 
length of the line segment joining these points. 


Angles 


CHAPTER TWELVE 


HERE WE SHALL LEARN another important figure in geometry, which is 
known as angle. For this, we require some terms like rays. We shall then 
learn how to measure such angles and how to classify them. 


12.1 Ray 


Mark a point О on a line / [Fig. 
12.1(i)]. By a ray we mean a 
figure consisting of those points 
of line /that lie on one side of O 
including the point О. In Fig. 
12.1(i), one ray originating from 
O on the line is directed towards 
left. 

Some physical examples of 
rays are a ray of light emitted 
by the sun [Fig. 12.1(ii)] or a 
ray of sight [Fig. 12.1(iii)]. The 
ray of light originates from a 


point in the sun and extends - 


indefinitely in one direction. 

Thus, the part of a line that 
extends indefinitely in one 
direction from a point, say ‘O’ 
on a line is called a ray. The 
point O is called the initial (or 
end) point of the ray. A ray has 
One end-point. 


Ray of Light 


(ii) 


) Ray of Sight 


Fig. 12.1: Rays | 


Laan < 
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Experiment 1: Let us mark a 
point O on a paper. We 
draw a ray with O as the 
initial point. Can we draw 
any other ray which has O 
as its initial point? How 
many such rays can you 
draw? Clearly, we can 
draw as many rays as we 
like (Fig. 12.2) Thus, an 
unlimited number of rays : 
сап be drawn with a given Fig. 12.2: Rays with same initial point 
point as the initial point. 
Experiment 2: Let us now see 
given initial point O and passing thr 


how many rays can be drawn with the 
ough a given point A. Join O and 


А and draw the ray as shown in Fig. 12.3. Can you draw any other ray 
with O as the initial point and peret 
passing through A? If you 0 js ae 
try, you will find that no, 151091 Fon Given Point 
other ray is possible to be Fig. 12.3 
drawn. 

Thus, there is а unique ray which has O as its initial point and passes 

through a given point А. 
on the ray drawn in Fig. 12.3 as 


Let us mark any other point B 


shown in Fig. 12.4. Is the new ray wi 
through B the same as е 
previous ray with O as initial 0 
point and passing through A? Fig, 12.4 
Yes. 

Thus, а ray is known completely if its initial point and one more point 


on it are known. 
Since the initial point and one more point of the ray determine 

the ray uniquely, we name a ray dl 

on this basis. Given a ray as 9 2 = 

shown in Fig. 12.5, ме name its Fig. 12.5: Ray OA or OA 


th O as initial point and passing 


چ ہہ ہے 
B A‏ 
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initial point as O and mark any other point on it as A. We name it as ray 
OA. It is symbolically written as OA (read as тау OA’). Ray OA means 
that the ray starts from its initial Point O and passes through A extending 
indefinitely in the direction from O to A. : : 


We may recall that there is no 


difference between line AB and A B. 
line BA. The same is true for line Ray AB 


segment AB and line segment 

BA. Is it true for ray AB and ray i A 8 
BA also? That is, is there any Ray BA 
difference between ray AB and . 

ray BA? Let us mark any two Fig. 126 
points A and B on a paper and draw th 


Let us draw a line / and mark 

a point O on it. We then mark 

two points A and B on this line 

such that they lie on opposite cupa o ыш AEN ‚Ёё 

sides of О as shown in Fig, 12.7. À 0 в 

We obtain two rays OA and 

OB with the same initial З i 

point extending indefinitely in Opposite directions of the same line. Such 

rays are called opposite rays, . ; 

Remark: We have said that symbols AB, AB, AB and AB are used to 
denote line AB, line segment AB, length of the line segment AB 
and ray AB, respectively. We feel that the use of these symbols at 
this stage is unnecessary. Therefore, unless otherwise stated, we _ 

. shall use the same symbol AB for all the four. It will be clear from 


the context which of the four we are referring to. 
12.2 Angles : 


You must have come across the physical objects as shown in Fig. 12.8(i) 


Fig. 12.7: Opposite rays 
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to (iv) which have essentially two arms OA and OB joined together by a 
hinge. The two arms OA and OB are inclined towards each other and 


have an opening between them. 


(ii) Clock (iii) Scissors (iv) Knee joint 

Fig. 12.8: Illustrations of an angle н 
that two rays [two arms 
in Fig. 12.8(i), two hands of a clock in Fig. 12.8(ii), two 
sin Fig. 12.8(iii) and the upper part and the lower part 
(iv)] are formed with a common initial point (i.e. the 
This is the idea of an angle in 


(i) Diyider 


In fact, we can take these objects in such a way 


of a divider 
sharp parts of scissor: 
of the leg in Fig. 12.8 
joint of the objects mentioned above). 
geometry. 

The idea of an angle is of 
great iniportance in physical 
phenomenon. For example, the 
length of the shadow depends 
on the angle formed by the 
shadow with the sun ray (in the 
opposite direction) at the point 
where the ray meets the 
ground (Fig. 12.9. The 
apparent size of an object seen Fig. 12.9 
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by us depends on the angle made by the object at our eyes; the 
intensity of heat at a place depends on the inclination of the sun’s rays 
(the angle formed by the тау from the sun that falls on the earth at 
that place with the vertical). With these physical examples, let us now 
proceed to define an angle. 


An angle is a figure formed by two rays with the same initial point. 
The common initial point is called the vertex of the angle and the rays 
forming the angle are called its arms (or sides). 

In Fig. 12.10, A is the vertex 
and rays AB and AC are the. 


C 
arms of the angle. Each arm 
defines a particular direction in arm 
the plane. The arms are often 
joined by a small circular arc 
near the vertex as shown in Fig. 
12.10. A 
Vertex агт B 
Fig. 12.10 


Notation for an Angle: To name a given angle formed by two Tays with 


IteX, say Р and name one 
more point on each arm, say Q and R [Fig. 12.11(1)]. Then the given 
angle is denoted by / ОРЕ or Z RPQ and read as ‘angle QPR or 


(i) i 

Fig. 12.11: Notation of an angle 
Sometimes, We denote an angle simply аз ZP or angle P [Fig. 
12.11(1)]. Another notation for an angle is to place a number 
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(1, 2, 3, etc) (Fig. 12.11(ii)] or a small letter (a, b, с, etc.) 
[Fig. 12.11(iii)] near the circular arc. This notation is convenient when 


several lines are concurrent. 
Let us illustrate these 


notations through an example: 
Example: Write all possible 


names of the angle 
shownin Fig. 12.12. 


Solution: The angle can be 


denoted as: 

Z1, ZA, ZCAQ, 
ZQAC, Z CAB, 
ZBAC, ZPAQ, 
ZQAP, ZPAB, 
ZBAP 


Fig. 12.12 


Thus, we observe that if there are other points on the arms of the 


Remark: Quite often we 


come across two segments 
PO and PR with a common 


end-point P as shown in Бір. - 


12.13(i). We then say that an 
angle has been determined at 
P by segments PQ and PR. 
Thus, two line segments with 
a common end-point also 
determine an angle at 
that point. What we re 


angle, we can represent the same angle by various names. 


P R 

(i)Angle determined (ii)Angle formed 
by segments РО by rays PQ 
and PR and PR 


Fig. 12.13 


ally mean by this statement is that the angle is 


formed by the rays, corresponding to these line segments [Fig. 
12.13{(ii)]. However, we shall not give much stress on rays and line 
segments in connection with an angle. 
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12.3 Interior and Exterior of an Angle 
Let CAB be an angle (Fig. 12.14). All points of the plane of the angle 
are divided into three parts: 
` (i АП interior points 
(such as P) of the 
angle, i.e. those points 
which lie inside the 
angle. This part of the 
plane is called -the 
interior of the angle. 
(ii) АП exterior points 


Ж, 
2 


(such as О) of the .А R 
angle, i.e. those points EXTERIOR 
which lie outside the я Fig. 12.14 


___ angle. ‘This part of the plane is called the exterior of the angle. 
(iti) All points (such as R) which lie on the angle itself, 


Further we see that an an 
that any path in the plane of an 


EXERCISE 12.1 


1. Whatis the difference between a ray and a line? 
. Draw a ray whose initial point is given at A and which 
through another given point В. ` E 
3. (i) Name all the rays shown in Fi 
A, B and C, respectively. 


DN Tm UM eil 


REBT g 


8. 12.15, whose initial points are 


hc 


(ii) Is ray AB different from ray AQ? 

(iii) Is ray BA different from ray CA? 

(iv) Is ray PO different from ray OP? . 

(v) Isray CP different from ray CA? 

4. Give three examples of angles from your environment. 
5. How many angles are shown in Fig. 12.16? Name them. 


р 


B A 
Fig. 12.16 : Fig.1217 . 


6. How many angles are shown in Fig. 12.17? Name them: How many 
of them can be named using the vertex letter only? f 
7. From Fig. 12.18, list the points which are (i) in the interior of ZP 
(ii) in the exterior of ZP ony 
‚ and (iii) lie on <P. 
8. Write the arms and the 
` vertex of the angle LMP. — Р 


e W 


м: 


` Fig. 1218 
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9. In Fig. 12.19, write 
another name for 


Fig. 12.19 
10. In Fig. 12.20, is 

(i). point B in the interior 
of Z AOB? 

(i) point B in the interior 
of Z AOC? 

(iii) point C in the exterior 
of Z AOB? 

(iv) point D in the exterior 
of Z AOC? 

(v) point A in the interior D 0 

of Z AOD? Fig. 12.20 


12.4 Magnitude of an Angle 


Let us again consider the objects as shown in F ig. 12.8. Observe that the 
inclination or opening between OA and OB can be changed by rotating 
one arm with respect to the other; the opening may be made narrow or 
wide and the change in inclination (or opening) between the two arms 
gives the magnitude of an angle. 
A Let us take a ray with initial 

point A. Imagine that it starts 
rotating in the plane from the 
initial position AB about the 
Point A until it reaches the 
final position AC (Fig. 12.21). 


Final 
Position 


Initial 
Position 


B 
Fig. 12.21 
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We may say that an angle has been described by the rotating ray with A 
as vertex and its arms as AB and АС. · 

Thus we see that the inclination between two arms (rays) forming an 
angle can be increased or decreased. In other words, two angles may 
have different inclinations between their arms. Thus, we can say that 
these two angles have different magnitudes (or measures). 

By the magnitude of ап angle we, therefore, mean the amount of 
rotation through which one arm must be rotated about the vertex to 
bring it to the position of the other arm. If the magnitude of one angle is 
greater than that of the other, we say that the first angle is greater (or 
larger) than the second one. 


12.5 Comparison of Angles 


It becomes often necessary to know, between two angles, which one is: 
greater or less than or equal to the other. This is what we call 
comparison of two angles. To do this, we need to know what are called 
‘magnitudes of angles’ and the (order) relation between them. When the 
magnitudes of two angles differ very much, by simply looking at them, 
we can say which angle is greater and which is smaller. For example, for 
the pairs of angles given in Fig. 12.22, we can easily say that Z1 is 
greater than Z2, Zx is smaller (less) than ey Z 3 is smaller than 24 
and Z ABC is greater than Z POR. 


(i) 


Fig. 12.22 
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к (iv) 
à Fig. 12.22 | 


It is not always possible to compare angles by observation. A better 
method is to compare them by tracing one angle and superimposing the 
traced апре on the other. Suppose we have to compare two angles 
ABC and POR by superimposition. We proceed.as follows: 

We place a tracing paper on one of the angles, say / POR and copy this 

‚ angle on the tracing paper. Next, this traced angle POR is placed over 
angle ABC such that point Q is on point В and ray OR is along ray BC. 
What can be the possible positions of the other ray (arm) OP of Z POR? 
There are following three possibilities for the ray QP: | 


(i) Ray ОР тау be 
between rays BC and 
BA [Fig. 12.23(i). In 
such -a situation, we 
say that СРОК is 
smaller (less) than 

` Z ABC and symbol- B : 

$ p ; EC 

ically write it as Q ne B 
POR < Z ABC. . (i) 
Fig. 12.23 


A 


(ii) Ray.QP is.on ray BA[Fig. 12.23(ii)]. In such а situation, we say 
that СРОК is equal to Z ABC and symbolically write it as 
ZPQR = ZABC. 


ANGLES ` . : 219 


Thus, two or more 
angles having the same 
magnitude (measure) 
are said to be equal. 


>-0 


(iii) Ray QP is beyond ray 
BA [(Fig. 12.23(iii)]. In 
. such a situation, we S Е = : 
say that ZPOR is | 
к. than ZABC Q (à) R 9 (iii) R 
and symbolically write Fig. 12.23 
itas ZPQR > ABC. 
Suggested Activities: (i) On a piece of paper draw two angles and 
compare them using a tracing paper. 

(ii) Fold two sheets of paper by making intersecting creases and 
compare the angles so formed. 

All these methods of comparing angles are not complete for we 
do not know what each angle stands for in terms of numbers. A better 
way is to measure the two angles in terms of some standard angle 
(called a unit angle) and compare their measures (magnitudes), 


Remarks: (i) We can imagine as well about an angle due to rotation 
ofa ray from the position AC to AB, with A as an initial point. 
(ii) Two rays PR and 
‚ PQ form two angles 
at P as. shown in 
Fig. 12.24. Both of 
them can be denot- 
ed as ZRPQ. In 
general, one of them 
is greater than the- 
other. Therefore, to . 
avoid ambiguity, 
unless otherwise Fig. 12.24 
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stated, by 4 RPQ (angle КРО) we shall mean the smaller one. 

(iii) Generally, the ‘magnitude’ or the ‘measure’ of an angle, say 
Z ABC, is symbolically denoted as т Z ABC. However, we 
will use the same notation, namely ‘ Z ABC’, for angle ABC 
aswell as for its measure or magnitude, unless otherwise 
stated. It will be clear from the context, which of the two we 
are referring to. 


12.6 Degree Measure of Angles 
` If the initial and the final positions 


of a rotating ray are opposite to CCC. 
each other (on the same line), the ` (i) straight angle 
angle formed is called a straight : 


angle. In other words, an angle 
formed by two opposite rays is : MC Ka 


called a straight angle In Fig. — (10 Complete angle 
12.25(i), the angle formed by two і 
opposite rays OA and OB is а 0 A B 
straight angle. : (ii) Zero angle 

3 Fig. 12.25 . 


If a rotating ray, after making a complete revolution, coincides with 
the initial position, the angle formed is called a complete angle as shown 


in Fig. 1225(ii). Here the arms OA and OB coincide after making a 
complete revolution. í 


If the initial and the final positions of a ray coincide without making 
any revolution, we say that the angle formed is a zero angle. Thus 
Z AOB in Fig. 12.25(iii) is a zero angle. ө , 

Let us perform the following experiment: 
Experiment: Fold a piece of paper to make a s 

- Unfold the paper and make another crease 

paper again so that a part of the straight cre 

other part. Unfold the paper. We observe 
creases AB and CD make four angles at the 


traight crease AB. 
CD by folding the 
ase AB falls on the 
that two intersecting 
point of intersection О 
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(Fig. 12.26). Trace one of these and place on the other three angles. 
You will find that all the four angles are equal. Each one of them is 
called a right angle. The angle at the corner of this paper, a 
blackboard or a room are all examples of right angles. 


We could adopt a right angle 
as our unit for measuring angles. 
If we do so, then from Fig. 12.26, 
we can easily observe that 
a complete angle — 4 right angles 
‚ astraight angle = 2 right angles. 
But for most purposes, it is too 
big a unit as many of the angles 
would then have to be measured 
as fraction of a right angle. It is, 
therefore, convenient to take a 
fraction of a right angle itself as 
the basic unit of measurement for E 
angles. We divide a-right angle Fig. 12.26 
into 90 equal parts. Each part is 
called a degree and we adopt this 
as our basic unit of measurement for an angle. The ‘degree’ is EA 
by a small circle ‘o’, written as a superscript. Thus, 1 degree, 0 degree 
and 55 degree are written as 1°, 0° and 55°, respectively. 


The degree is further divided into sixty minutes and each minute into 
sixty seconds. Minutes and seconds are denoted by one prime () and two 
primes (7 ), respectively, each written as a superscript. Thus, 2 minutes is 
denoted as 2’, 3 seconds is denoted as 3”, etc. Minutes and seconds are 
used when very accurate measurements of angles are required, for 
example, in astronomy and physics. However, we will construct or 
measure angles correct to a degree only. The above relations can be . 
summarized as follows: 
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9. State the kind of angle 
following directions: 
(i) East and West f (ii) East and North 


(ii) North and North-East (iv) North and South-East 
10. 
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Give two examples each of right, acute and obtuse angles from your 
environment. і у 
Using your upper arm and fore arm form acute, right and obtuse 
angles at the elbow joint. 
An angle is formed by two adjacent fingers. What kind of angle will it 
appear to be? 
A traffic policeman is standing looking East. In which direction 
will he look if he turns to the left through (i) one right angle, 
(ii) two right angles, (iii) three right angles and (iv) four right angles ? 
Asha is rowing a boat due North-East. In which direction will she be 
rowing if she turns it through (i) a straight angle and (ii) a complete 
angle? 
Classify the angles whose magnitudes are given below: 

(1). 118° (ii) 19° (iii) 155° (iv) 0° 

(v) 70° (vi) 180° (vii) 89.5° (viii) 30° 

(ix) 90° (x) 179° (xi) 90.5 (xii) 360° 
©, in each case, formed between the 


State the kind of each of the following angles: 


(iv) і (у) 
Fig. 12.31 j 
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11. Using only a ruler, draw an acute angle, a right angle and an obtuse 
angle in your notebook and name them. 

12. By folding the paper in different ways, form a right angle, an obtuse 
angle and an acute angle. 


12.8 Pairs of Angles 
We often come across pairs of angles which have been given specific names. 


(i) Adjacent Angles 


Look at Fig. 12.32. We have two 
angles BAC and CAD with same C 
vertex A and the arm AC 
common to them. The two arms 
AB and AD are opposite to (the 
line containing) the common 
arm AC. Two such angles with 
same vertex, one arm common 
and with their other arms lying A B 
onoppositesides ofthiscommon j A 
arm are called adjacent angles. Pup e pee 
Alternatively, we may say that two angles in a plane are adjacent 
angles if they have a common vertex, a common arm and their interiors 
do not overlap. Thus, in the above figure, ZBAC and Z CAD are 
adjacent angles. Are 2 BAC and 4 BAD adjacent? No. (Why?) 


о 


(й) Linear Pair C 
Look at Fig. 12.33. Here 
BAC and ZCAD аге 
adjacent angles. Observe that 
their two non-common arms 
AB and AD are opposite rays. 
Such a pair of adjacent angles 
is called a linear pair. 


D A B 
Fig. 12.33: Linear Pair 
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(iii) Vertically Opposite Angles 
Look at Fig. 12.34 in which 
two lines / and m are 
intersecting at a point P. We 
can see that with the inter- 
section of these two lines, 
four angles have been formed. 
We can also observe that Z1 
and Z3 form a linear pair. 
Similarly, 23 and 22 g 222) Fig. 12.34: Vertically opposite angles 
and 24, Z1 and Z4 form 

linear pairs. What about 41 and Z2? These angles have no common 
arm. Two angles formed by two intersecting lines having no common 
arm are called vertically opposite angles. 


Thus, 41 and Z2 are 
vertically opposite angles. Their 
arms form two pairs of opposite 
rays. Are Z3 and Z4 vertically 
Opposite angles? Yes, Are Za 
and <c іп Fig. 12.35 vertically 
opposite angles ? No. (Why ?) 


Fig. 12.35 


(iv) Complementary Angles 


If the sum of (the measures of) two angles is 90°, then the angles are 
called complementary angles and each is called a complement of the 
other. For example, angles of 20° and 70° are complementary angles 
The angle of 20° is the complement of the angle of 70° and the angle ai 
70° is the complement of the angle of 20°. 


(v) Supplementary Angles 


If the sum of two angles is 180°, then the 
Supplementary angles and each of them is called the m ane 
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other. For example, angles of 50° and 130° are supplementary angles. 
The angle of 50° is the supplement of the angle of 130° and the angle of 
130° is the supplement of the angle of 50° 


Note that the angles of a 
linear pair are supplementary. 
Is it true that supplementary 
angles always form a linear 
pair? No (See Fig. 12.36). 
ZABC + ZDEF = 110° 
+ 70° = 180°. But they are 
not adjacent angles, and hence 

do not form a linear pair. 


A D 


10 70° 
B dou F 
(i) (ii) 
Fig. 12.36 


EXERCISE 12.3 


1. Write down each pair of 

. adjacent angles shown in 
Fig. 12.37. 

2. InFig. 12.37, 

(i) are ZAOB and 
ZBOC adjacent 
angles? 

(ii) are ZBOC and 
ZCOD adjacent 
angles ? 

(ш) are ZAOB and 
'ZCOD adjacent 
angles? - 

(iv) are ZAOB and 
ZAOC adjacent 
angles? 


D 0 


Fig. 12.37 
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3. From Fig. 12.38, write down 
(i) each linear pair. 
(ii) each pair of ver- 
tically opposite 
angles. 


1v 


84 2 
Fig. 12.39 
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Fig. 12.38 


4. Are the angles 1 and 2 given іп Fig. 12.39 adjacent angles? 


сл 


. Find the supplement of each of the following angles : 


(i) 70° (ii) 135° (ui) 50° (iv) 120° (v) 90° 
6. Find the complement of each of the following angles : 
(i) 55° (ii) 73° (iii) 45° (iv) 40° (v) 30° 


7. Identify which of the followin 
and which are supplementary 

(i) 60°,30° (ii) 160°, 20° 

(v) 42°, 138° 


(iv) 80°, 10° 
(vii) 45°, 45° 


£ pairs of angles are complementary 


(iii) 73°, 17° 
(vi) 90°, 90° 


8. Find the angle which is equal to its supplement. 
9. Find the angle which is equal to its complement. 


10. One of the angles formin 
kind of angle is the other? 


11. One of the angles forming a linear 


kind of angle is the other? 


12. One of the angles forming a linear 
you say about its other angle? 

13. Can two angles be supplementary, 

(i) obtuse? (ii) right? (iii 


g a linear pair is an acute angle. What 


Pair is an obtuse angle. What 


Pair is a right angle. What can. 


if both of them be 
) acute? 


14. Can two acute angles form a linear pair? 


15. An angle, is greater than 45°. Is its с 


equal to or less than 45°? 


omplement greater than or 
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16. In Fig. 12.40, O lies on line AC. 


17. 


18. 


(i) 


(ii) 


(iii) 


Are ZCOD and 
ZAOD forming a 
linear pair? 

Are Z1 and Z2 
vertically opposite 
angles? 

Are angles AOB and 
BOC supplementary? 


In Fig. 12.41, ZBAC isa 
right angle. 


(i) 


(ii) 


Can you say that 
ZBAD and ZCAD 
are complementary 
angles? 

Can you say that 
ZBAD and ZCAD 
are adjacent angles? 


B 
Fig. 12.41 


Which of the following statements are true (T) and which are 


false (F)? 


(i) Adjacent angles can be complementary. 


) Adjacent supplementary angles form a linear pair. 
i) Two supplementary angles always forma linear pair. 
) If two lines intersect, then one pair of vertically 


opposite angles always consists of acute angles and the 


other obtuse angles. 


(v) Two adjacent angles are always supplementary. 
(vi) Angles of a linear pair are always supplementary. 


12.9 Protractor 


A protractor is | 
constructing an angle of given 
in shape and is usually made о 


an instrument used for 


measuring a given angle and 
(Fig. 12.42). It is semi-circular 
f plastic or metal. It has degree marks on 
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Fig. 12.42: A protractor 


the curved edge (semi-circular arc) and a 0 


— 180 line along or parallel 
to the straight edge. The mid-point of this 
centre of the protractor. 


0 — 180 line is called the 
The curved edge is divided 


into 180 equal parts by small A 

radial marks so that the angle 

formed by two rays with 

common initial point as the 

centre of the semicircle and 

passing through two 

consecutive marks is 1/ 180 ofa 
straight angle, i.e. 1°. 

The marks are usually С 

written along the curved edge 


B 
Fig.12.43 
at an interval of 10° starting 
from 0 at the one end to 180 at the other. The marks are also Written in the 
reverse order for convenience in measurin 
in Fig. 12.43. For this reason, 0 — 180 lin 
line. 


g angles such as Z ABC given. 


€ can also be named as 0 — 0 
(0) To measure a given angle 


Let us measure a given angle with the help of a protractor. 


зуе 
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Suppose ZBAC is given [Fig. 

12.44(i). Place the protractor C 
on the angle such that the 
centre of the protractor is on 
the vertex of the angle and 0 — 
180 line is along one of the 
arms, say AB of the angle. 
Read off the degree mark on 
the curved edge of the pro- 
tractor through which the other 
arm AC passes. This should 
be read on the scale which Fig. 12.44 


NOT 
a 80 | 100 | : 
w: о 


(11) 
Fig. 12.44 


has the 0 mark on the first arm. In Fig. 12.44(ii), the measure of ZBAC 

is seen to be 57° and we write Z BAC = SU : 

Remark: If the given angle is as shown in Fig. 12.45, then the angle 
should be read from the other markings. Here, ZBAC = 350% 


(b) To construct an angle of given magnitude 


Here we will learn how to construct an angle of given magnitude, say 
48°. Draw a ray AB (Fig. 12.46) and place the protractor such that the 
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Fig. 12.45 


centre of the protractor falls on th 
0 — 180 line lies alon 


initial point A of the ray AB and 
48° on the protractor 


£ AB. Mark point C on the paper against the mark of 


ТШ 
S 


Mm А 
My 

80 | 100 "Ж 
eA) 


ШЇ? 
10 20 


0 


Fig. 12.46 


Remove the protractor and draw ray AC. Then, ZBAC is the 
required angle, i.e. / ВАС = 48°. 
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EXERCISE 12.4 


What is the magnitude of the angle formed by the hands of a 
clock whenitis (i) 2 O’ clock? (ii) 5 O’ clock? 
Construct the following angles with the help of your protractor: 

(i) 43° (ii) 35° (ui) 110° (iv) 90° (v) 180° 

(vi) 21° (vii) 165° (viii) 15° (ix) 65°. 


' Construct a right angle ABC with the help of a protractor. Mark a 


point Р in the interior of Z ABC. Draw ray BD. Measure Z ABD 
and Z DBC. Verify that they are complementary. 

Draw two intersecting lines AB and CD as shown in Fig. 12.47. 
Measure ZAOD апа 
ZBOC. Are they equal? 
Measure ZAOC and 
ZBOD. Are they equal? 
What conclusion can you 
draw from it? 

Draw a line DB and take 
a point A on it between D 
and B. Draw any ray AC. 
Verify by measurement 
that ZBAC and ZCAD 
are supplementary. 

Draw any ZBAC and 
take a ray AD in the 
interior of this angle. 
Verify by measurement 
that ZBAC is equal to 
the sum of the angles 
BAD and DAC. 

Measure each of the pairs 
of angles given in Fig. 
12.48 and determine 
which of them is smaller. 
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8. Measure each of the following angles and classify it as acute, 
obtuse or right: 


<a 
ы X SN 


Fig. 12.49 


9. Measure the following pairs of angles and state which pairs are 
equal: 


pre 
m: 


(iv) 


dia 
J 


(ii) (iv) 
Fig. 12.50 


10. Measure ZPOR given in 
Fig. 12.51 and construct 
an angle DEF equal to 
Z POR. 


Fig. 12.5] 
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12.10 Set-squares 


In the geometrical box, there are two triangular shaped instruments 
called set-squares (Fig. 12.52). In one, the angles are 30°, 90°, 60° and in 
the other the angles are 90°, 45°, 45°. Set-squares are usually made of 
transparent plastic, wood or metal and are a few millimetres thick. 
Sometimes the two perpendicular edges are graduated, one in 
centimetres and the other in inches. These set-squares can also be used 
to measure line segments. We may call the set-square in Fig. 12.52(i) as 
the 30°set-square and the set-square іп 12.52(ii) as the 45° set-square. 


Fig. 12.52 


Set-squares have several uses, These can be used to construct angles 
of 30°, 45°, 60° and 90° in addition to drawing parallel and 
perpendicular lines. To construct an angle of 30°, we go through the 
following steps, as shown in Fig. 12.53. 
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Step 1: Place 30° set-square 
ona sheet of paper. 

Step 2: Hold the set-square 
down firmly with one 
hand and with other, 
draw two rays AB 
and AC along the 
edges using a sharp 
pointed pencil from 
the vertex of 30° angle 
of the set-square (Fig. 

12.53). 


Fig. 12.53 


Thus, an angle of 30° is formed on the paper. 
Remark: In fact, any angle whose measure is 


a multiple of 15? 
constructed with set-squares. (Why?) р canoe 


EXERCISE 12.5 


1. Construct the following angles using set-squares: 


(i) 45° (ii) 90° (iii) 60° (i 105° 5 р a 
[ Hint: 60° + 45° = 105°] (iv) 5° (v) 75 (vi) 150 


2. Given a line BC and a point A on it, construct a ray AD usi y 
squares so that Z DAC is y AD using set 
(i) 30° (№) 150° 
| Hint: Place the set-square such that its one vertex coincides with A. | 
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12.11 Perpendicular Lines and their Construction 


Two lines are said to be perpendicular to each other or simply 
perpendicular if one of the angles formed by them is a right angle (90°). 
They are also said to be at right angles to each other or simply at right 
angles. The symbol * |.’ is used to denote perpendicularity and is read as 
* js perpendicular to ’. In Fig. 12.54(1), lines / and m are perpendicular 
and we write line / L line m and read ‘line Zis perpendicular to line m’. 


RAE ur Om (ас А 


' 
і 
i 
(ii) Y (iii) ۷ 


(v) 


Fig. 12.54 
o rays are perpendicular if the 


Remark: We also say that tW m are perpendicular. Thus, 


corresponding lines determined by them are p s 
in Fi. 12.54 (ii) ray OA 1 ray OB and in Fig. 12.54(i), ray AB 


1 ray CD. Similarly, we say that two segments or T а 
segment are perpendicular if the WO ae 12.546) 
determined by them аге perpendicular, ёё. xi E AB | 
segment OA L segmént OG) and dn Fi MASA TY 


segment AD. 
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We shall now study some methods of constructing perpendicular 
lines. x 
(ü Construction of a line perpendicular to a given line l at a given point 
A on it 


(a) Using a protractor: For this construction, we go through the 
following steps: 
Step 1: Place the protractor on the paper with its centre 
coinciding with given point A and its 0 — 180 line lying . 
along the given line I(Fig. 12.55). 


B 
ШЇ 
My 
100 My 
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Then, AB 1 line / at the given point A. How many such lines can 
you draw at A which are perpendicular to line /? Only one 
(b) Using a set-square and a ruler: For this constructi 
through the following steps: оноу go 
‘Step 1: Place the ruler on the ра 


Per with one ofits Jo i 
on the given line / ng edges lying 
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Step 2: Кк p. ruler fixed, place a set-square POR with one 
of its right angle P i i i 
EE ght angle P in contact with the ruler [Fig. 


— 


Fig. 12.56 


Slide the set-square along the edge of«the ruler until P 

coincides with given point A [Fig. 12.56(ii)]. 

Step 4: Holding the set-square fixed in this position, we draw 
with a sharp pencil a line AB along the edge PQ. 


Then, line AB L line /at A. 


ii) Construction of a line perpendicular to a given line | and passing 
through a given point A not lying on it, using a set-square 
For this construction we 20 through the following steps: 
Step 1: Place either of the set-squares so that one arm (edge) PR 
"of the right angle is along /[Fig. 12.57()]. | 
Step 2: Hold the set-square fixed and place a ruler along the 
edge OR opposite to the right angle of the set-square. 


Step 3: 
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Fig. 12.57 


Step 3: Holding the ruler fixed, slide the Set-square along the 

ruler until the other arm PQ of the right angle passes 

through the given point A (Fig. 12.57(ii)]. 

Step 4: Keeping the set-square fixed in this Position, draw a line 
AB along edge PQ. 

Then, AB is the line perpendicular to / 


and passing through A. How 
many such lines can you draw? Only one. 


EXERCISE 12.6 


l. How many lines can be drawn which are pe 
line and pass through a given point lying 
(i) outsideit? (ii) опи? 


rpendicular to a given 
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Draw а line AB. Take a point С not lying on it. Using set-squares 
construct a line ED | AB which passes through point C. Check 
with a protractor whether the angle between the lines is 90°. 

Check by a protractor or a set-square which of the following are 
perpendicular to each other? 


(i) (iii) 


(ii) 
Fig. 12.58 
Draw a line AB and take a point C on it. Using set-squares, 
construct a perpendicular CD on it. Check by using a protractor 


whether Z ACD = 90°. 
Check by using a set-square whether the angle at a corner of a 


sheet of paper of your notebook is a right angle. 


Things to Remember 


1. Ray AB has one initial point (or end-point) A and 
extends indefinitely in one direction. Ray AB and 
ray BA are two different rays. 

2. Two rays with same initial point but directed in the 

opposite directions of the same line are called 


opposite rays. 
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3. An angle is a figure formed by two rays with the 
same initial point. Initial point is the vertex and two 
rays are the arms of the angle. 

4. Two or more angles having the same magnitude are 
said to be equal. 

5. 1 complete angle = 4 right angles = 360°, 
1 straight angle = 2 right angles = 180°, 1 right angle 
= 90°, zero angle = 0°, 0° < acute angle < 90°, 
90° < obtuse angle < 180°, 1° = 60,1 = 60". ` 

6. Two angles with a common vertex, a common arm 
and the other arms lying on the opposite sides of the 
common arm form a pair of adjacent angles. 

7. Adjacent angles whose two non-common arms are 
opposite rays form a linear pair. 

8. Two angles whose sum is 90? are called comple- 
mentary angles. Two angles whose sum is 180? are 
called supplementary angles. 3 

9. Lines which intersect at right angles are said to be 
perpendicular to each other. 

10. Rays and segments are said to be perpendicular if 
the corresponding lines determined by them are 

perpendicular. 

Only one line can be drawn perpendicular to a given 

line which passes through a given point not lying on 

it. 

In a plane only one line can be drawn perpendicular 

toa given line at a given point on it. 

13. Iftwo lines intersect, then verticall 
are equal. 

14. Two angles forming a linear pair 
supplementary. 


15. Two supplementary angles may no 
pair. 


y opposite angles 


are adjacent and 


t form a linear 
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Parallel Lines 


IN THIS CHAPTER, we shall study about parallel lines. We shall also learn 
about distance between them, transversals, angles made by a transversal 
with two lines, relations between angles made by a transversal with two 


parallel lines and construction of parallel lines. 


13.1 Parallel Lines 


Recall that two lines which are~ 
in the same plane and do not 
intersect are called parallel lines. 


In Fig. 13.1; lines / and m are — پو‎ 


parallel lines. We write [|| m and 
read ‘/ is parallel to m’. 


' Recall that in Section 12.11 | 
Fig. 13.1: Parallel lines 


we have said about the 
perpendicularity of two rays, 
two line segments, one ray and 
one line segment. In the same _ 
way, here we say: І 


(i) Two segments are parallel 
determined by them are paralle 
in the same plane and.do not inters 
extended indefinitely in 
parallel. For example, in Fig. 13.2 


CD. ; 
e corresponding lines determined by 
o rays which are in the same plane 


Gi) Two rays are parallelif th 
them are parallel, i.e. tW 


if the corresponding lines 
1, i.e. two segments which are 
ect each other. even if 


both directions are sai 
(i), segment AB Il segment 
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[ET ee) A P 


C D C 
(i) С 2 Q 
(ii) 
B З 
Fig. 13.2 (iii) 


and do not intersect each other even if extended indefinitely 
beyond their initial points are said to be parallel. In Fig. 
13.2 (ii), ray OA | ray BC. 

(iii) One segment and one ray are parallel if the corresponding 
lines determined by them are parallel. In Fig. 13.2(iii) 
segment AB || ray PQ. 

Opposite edges of this paper, a ruler, a wall, a ceiling, a black-board, a 

floor are all examples of parallel line segments. 

Remark: We have said that two rays or two segments or one ray and 
one segment are parallel if the corresponding lines determined by 
them are parallel. Can we say that two rays or two segments or one 
ray and one segment are intersecting if the corresponding lines 
determined by them are intersecting? No. For example, in Fig. 
13.3(i), rays AB and CD are non-intersecting, in Fig. 13.3(ii), 


E) 


B ISO eS 


(i) (i) (iii) 
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segments PQ and RS are non-intersecting and in Fig. 13.3(iii), 
segment OM and ray LN are non-intersecting. 

Thus, two segments in a plane are either intersecting or 
non-intersecting. But if they do not intersect, then we cannot say that 
they are parallel. The same is true for two rays, one ray and one segment, 


etc. 


13.2 Distance between Parallel Lines 


Let us perform the following experiments: 
Experiment 1: Let us consider two lines / and m which are not 
parallel. We mark two points A and B on [апа m, respectively, 
very close to the point of intersection O. Join them by a 
line segment AB (Fig. 13.4). Now mark two more points C and D 

as shown in the figure on Гапа т. Join С and D. Similarly, we take 
other points on /and m and join them. 
Compare lengths of segments AB, CD, EF, QP, . . . . What do you 
observe? We see that AB < CD < EF and ОР < RS < UT. We 
E 


m 


Of----------\o 


(oN--—------ 20 


ma y 


Fig. 13.4 


observe that separation between the lines increases a 
i int of intersection U: nds { 
lines away from the pom o intersecting lines І and m? 


Can we spe 


No, because the separatio 
Experiment2: (i) Letus placea straight-edged ruler on a plane sheet of 


paper and hold it firmly with one hand. We draw with a sharp pencil 


s we move on the 
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two line segments AB and CD along the longer edges of the ruler 
[Fig. 13.5(1)]. 
A 


<del a ie .. В ар. 

<- 

<- Hue ts Ез о М еа 5%; -----=-П\» 
- 


D 
(ii) 


(ii) Consider lines /and m corresponding to segments AB and 
CD [Fig. 13.5(ii) Do they intersect? No, (We can check it by 
extending segments АВ and CD on both Sides). Are they in 
the same plane? Yes. Hence 1| m. 

(ii) Place the ruler so that dges is along CD. Place a 
set-square with one arm of the right angle coinciding with 
the edge of the ruler. Draw line. 


one of its e 


Segment PQ along the edge 
of the set-square as shown in Fig. 13.5(iii), Slide the 
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set-square along the ruler and draw some more segments 
RS, LM joining the two parallel lines / and m. Measure 
lengths of PQ, RS and LM. Are they equal? Yes. IS PQ L 7? 
Yes. Is PQ 1 m? Yes. Thus, we see that PQ is the 
perpendicular distance between / and m. The same is 
true for RS, LM, etc. 
From this experiment, we observe that the perpendicular distance 
between two parallel lines is the same everywhere. We call this distance 
as the distance between two parallel lines. 


EXERCISE 13.1 


1. Identify parallel line segments in Fig. 13.6. 
A 


aw 


(i) 
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2. Some parallel lines are shown in Fig. 13.7. 
(i) Find the distance between lines /and m using a set-square. 


m " 
2 3. 
(0) 
(ii) 
AE q 


(ii) Find the distance between p and q using a set-square. 


3. InFig. 13.8, segments AB 
and CD do not intersect B — 
each other. Can you say A 
that they are parallel? 
کے‎ — [6 


Give reasons. 


13.3 Transversals 


given lines may or may not be parallel. Line / is the 
given lines shown in Figs. 13.9(i)-(vi). Line m is not a 
given lines shown in Figs. 13.9(vii) and (viii). 


pe 
t 
i) (ii) 


Fig. 13.9 


transversal to the 
transversal to the 


t 
(iv) 


(iii) 


(viii) 


Fig. 13.9 


13.4 Angles Made by a Transversal with Two Lines 


Let us draw two lines / and m 
and a transversal n intersecting 
land m at P and Q, respectively 
(Fig. 13.10). How many angles 
are formed by the transversal n 
with each line? Four. So a total 
of eight angles are formed by a 
transversal with two given lines. 
Label them 1 to 8, for 
convenience. These angles are 
given special names as follows: 


(i) Exterior Angles 


Fig. 13.10 


The angles whose arms do not contain line segment PQ are called 
exterior angles. Angles 1, 2, 7, 8 are exterior angles [Fig. 13.11(i)]. 


(Exterior angles 


(ii) Interior angles 


Fig. 13.11 
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(ii) Interior Angles 

The angles whose arms include line segment PO are called interior 
angles. Angles 3, 4, ,5, 6 are interior angles [Fig. 13.11(1)]. 

(iii) Corresponding Angles 

A pair of angles in which one arm of both the angles is on the same side 
of the transversal n and their other arms are directed in the same sense 
is called a pair of corresponding angles. For example, Z1 and 25 form 


a pair of corresponding angles (Fig. 13.12). There are four possible 
pairs of corresponding angles [Fig. 13.12(i)-(iv)]. 


(iv) 
Fig. 13.12 
(iv) Alternate Interior Angles 


pr p angles in which one arm of each of the angles is on opposite 
of the transversal and whose other arms include segment РО aS 
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shown in the figure form a pair of alternate interior angles. For example, 
Z3 and Z 5 form a pair of alternate interior angles [Fig 13.13(i)]. Angles. 
4 and 6 form another pair of alternate interior angles [Fig. 13.13(ii)]. 


(ii) 
Fig. 13.13 


(v) Alternate Exterior Angles 


A pair of angles in which one arm of each of the angles is on opposite 
sides of the transversal and whose other arms are directed in opposite 
sense and do not include segment PO is called a pair of alternate 
exterior angles. For example, in Fig. 13.14, Z2 and Z8, Z1 and Z7 
form pairs of alternate exterior angles. 


(i) 


(ii) 


Fig. 13.14 
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Further, each pair of angles 3, 6 and 4, 5 are called a pair of interior 
angles on the same side of transversal. Similarly, angles 1, 8 and 2, 7 are 


pairs of exterior angles on the same side of transversal as shown in Fig. 
13.10. 


Remark: Generally, the term alternate angles is used to indicate 
alternate interior angles. Unless otherwise stated, we shall also use 
the term alternate angles for alternate interior angles. 


EXERCISE 13.2 


Line nis a transversal to lines /and m in Fig. 13.15. 


(ii) 


Fig. 13.15 
Identify the following angles: 


(i) Alternate and corresponding angles in Fig. 13.15(i). 
(ii) Angle alternate to <d, angle corresponding to Zf, angle 
__ alternate to Zg, angle corresponding to Zh in Fig. 13.15(ii). 
(ii) Angle alternate to Z POR, angle corresponding to Z RQF 
and angle alternate to Z POE in Fig. 13.15(iii) 
Pairs of interior and exterior angles on t 
transversal n in Fig. 13.15(ii) 


he same side of the 
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13.5 Angles Made by a Transversal to Two Parallel Lines 


Let us perform the following experiments. 


253 


Experiment 1: (a) Using a ruler, let us draw two parallel lines / and 


m (Recall Experiment 2, Section 13.2). 

(b) We draw a trans- 
versal n such that 
it intersects lines / 
and mat the points 
E and Е, respectively 
(Fig. 13.16). 

(c) Measure corres- 
ponding angles 1 
and 5 with the help 
of a protractor. Are 
they equal? Again 
measure correspon- 
ding angles 2, 6; 3, 7 
and 4, 8. What do 
you observe? Are 
the corresponding Fig. 13.16 
anglesequal? Yes. Z 1 
= 45,22- 46, 43 = 27 and Z4 = Z8. 


(d) Now measure alternate interior and exterior angles 3, 5; 


4, 6; 1, 7; 2, 8. Are these pairs of angles equal? Yes. 


(e) Find the measures of the interior angles 3 and 6 lying on the 
same side of the transversal and add them. Do you get the 


sum equal to 180°? Yes. 


(f) Similarly, find the sum of the angles 4 and 5 and verify that 
it is also equal to 180*. Also find the sum of the exterior 
angles 2, 7 and 1, 8. In each case, verify that the sum is 180*. 


We can repeat this experiment by drawing another pair of parallel 


lines and a transversal to it. We will obtain the same results. 
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From the above experiment, we observe the following properties of 
‘angles formed by a transversal to two parallel lines: 
(i) Pairs of alternate (interior or exterior) angles are equal. 

(ii) Pairs of corresponding angles are equal. 

(iii) The sum of the interior angles (or exterior angles) on the 
same side of the transversal is 180°. In other words, the 
interior angles (or exterior angles) on the same side of the 
transversal are supplementary. 


Experiment 2: Let us 
draw two  non-parallel 
lines p and q. Measure the 
angles made by a 
transversal r with these 
two non-parallel lines р 
апа q [Fig. 13.17]. 

Are the corresponding 
angles equal? No. 
Similarly, we find that the 
alternate angles are , not 
equal Is the sum of 
interior angles (or exterior 
angles) on the same side of 
the transversal 180°? No. 
Thus, we observe that 
none of the above Fig. 13.17 
properties (i) to (iii) which 
are true for parallel lines 


Example: In Fig. 13.18, line 1 | line m, 


Z1 = 40°. Find all the other angles marked in the 
-figure. | 
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Solution: pon $ l ae a are corresponding angles, therefore, 
41and 22 forma linear pair. 
Therefore, Z2 = 180°— 71 = 180° — 40° = 140° 
Again, Z5 and Z3 are alternate angles. 
Therefore, Z3 = 25 = 40° 


Similarly, 

244 = 180°— 23 
(linear pair) 
= 0ا‎ e 
= 140° 

Z6 = Z4 
= 140° [alter- 
nate angles] 
Z7= 23 = 40° 

' [corresponding Fig. 13.18 

angles]. 


EXERCISE 13.3 


1. In Fig. 13.19, AB and 
CD are parallel lines 
intersected by: a trans- 
versal PQ at L and M, 
respectively. If Z CMQ 
= 60°, find all other 
angles in the figure. 

2. In Fig. 13.20, AB and 
.CD are parallel lines 
intersected by a trans- 
versal РО at L and M, - 
respectively. If ZLMD. 
= 35°, find ZALM and A 
ZPLA. . ; Fig. 13.20 
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3. Find xin Fig. 13.21 for each figure if Ill m and p |. 


em (iii) 
Fig. 13.21 


13.6 Construction of Parallel Lines Using a Set-square and a Ruler 


(i) To construct a line parallel to a given line 1 passing through a given 
point A not lying on it. 
We go through the following steps to do this construction: 
Step 1: We place a set-square with one arm of its right angle 
along /as shown in Fig. 13.22 (i). 


Fig. 13.22 
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Step 2: 


Step 3: 


Step 4: 
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Holding the set-square fixed, we place a ruler along the 
other arm of the right angle. 

Holding the ruler fixed, we slide the set-square along the 
edge of the ruler until the first arm (edge) of the right 
angle of the set-square passes through the given point A 
[Fig. 13.22 (ii)]. 

Keeping the set-square fixed in this position, we draw a 
line AB through the point A. along this edge. 

Then, AB is the required line through A and parallel to 7 


Remark: Why is line AB Il line [7 Because interior angles on the same 
side of the transversal are supplementary (90° + 90° ). How 
many lines can you: draw through A which are parallel to /? 


Only one. 


(ii) To construct a line parallel to a given line | at a given distance d, 
say 4 cm, from it 


We go through the following steps to do this construction: 
Step 1: We mark a point A on / (Fig. 13.23]. 
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Step 2: Using set-squares, we construct a line m perpendicular 
to lat A. 

Step 3: With a ruler or compasses mark a point B on m such that 
segment AB — 4 cm. 

Step 4: Using set-squares construct a line n perpendicular to m 
at B. 


Then, n is the required line parallel to / and is at a distance of 4 cm 


from it. The lines n and / are parallel because interior angles x and y on 
the same side of the transversal m are supplementary. 


. Draw a line AB and take 


EXERCISE 13.4 


1. Draw a | line AB and take two points C and E on its opposite 


sides. Through С, draw CD || AB and through E draw EF | AB, 
using set-squares. Use set-squares to check that CD || EF. 

[Thus, we may observe that lines which are parallel to the same 
line are parallel to each other, i.e. if 1 || m and n lm, then /|| n.] 


any two points C and D 
on it. At C draw a line 
СР 1 AB and at D draw 

a line DQ 1 AB using 
set-squares as shown in ' 
Fig. 13.24. Is ZPCD + 
ZQDC = 180°? Can 
you say that line CP | 
line DO? Fig. 13.24 

[Thus, we may observe that lines which are perpendicular to the 
o dll are parallel to each other, i.e. ifl | mand n L m, then 
I || n. 

Using set-squares, draw a line CD parallel to a given line AB at a 
distance of 3 cm from it. How many such lines can you draw? 
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Things to Remember 


Lines which do not intersect in a plane are called 
parallel lines. | Й 

2. The distance between two parallel lines is the same 
everywhere. . | 

3. A line which intersects two or more given lines. at 
different points is called a transveral to the given lines. 

4. If two parallel lines are intersected by a transversal, 
then 

(a) all pairs of corresponding angles are equal. 

(b). all pairs of alternate angles are equal. 

(c) interior angles (or exterior angles) on the 
same side of the transversal are 
supplementary. 

5. If two non-parallel lines are intersected by a 
transversal, then (a), (b), (c) of 4 are not true. 

6. If two lines are intersected by a transversal and if any 
one of the following is true: 

(a) One pair of corresponding angles are equal, 

(b) One pair of alternate angles are equal, 

(c) A pair of interior angles (or exterior angles) 
on one side of the transversal are , 
supplementary, 

then the two lines are parallel. 
7. Lines parallel to the same line are parallel to each 
other. 
8. Lines perpendicular to the same line are parallel to 
each other. 
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UNIT FIVE 
STATISTICS 


INITIALLY, THE WORD ‘STATISTICS’ used to mean simply the collection of 
information in the form of numerical data by the kings (or 
governments) on different aspects such as population, property, 
wealth, etc. of their respective states. These data were useful to the 
kings in assessing the real situations in their respective states and 
consequently taking possible steps such as imposition of taxes and 
levies, proper utilization of the manpower and natural resources for 
the welfare of the people of the state. The existence of this practice 
of collecting numerical data in ancient India is evident from the fact 
that during the reign of Chandragupta Maurya (324 &c-300 sac), . 
there was a very good system of collecting such data specially in 
regard to the births and deaths. Thus, originally statistics was 
confined only to the affairs of the state. However, with the passage 
of time, its scope was widened and it began to include collection of 
numercial data from almost every sphere of life (such as exports and 
imports, marriages and divorces, the daily maximum and minimum 
temperatures, cost of living, etc.), calculation of percentages, etc. 
and presentation of data in tabular and pictorial forms. By the end of 
the nineteenth century, the scope of statistics was further ыы 
and it: began to concern itself not only with the ber ad 
presentation of data but also with interpretation and drawing 
inferences from the data so obtained. Чг $ 

In the modern age, it is difficult to imagine any AB: 
untouched by numerical data. It is, therefore, SSH la HORS for 
differtent methods to extract useful information from d eS (or 
this, data are presented. in the form of tables and pic cee 
graphs). Data are usually presented pictorially by pictographs, are 
graphs, circle graphs (pie charts), etc. In Chapter [oed о И à 
making a beginning to the study of statistics with the reading an 
interpretation of bar graphs. 
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CHAPTER FOURTEEN 


Bar Graphs 


IN THIS CHAPTER, bar graphs have been introduced after giving a brief 
explanation of numerical data and pictographs. We shall learn to read 
and interpret some given bar graphs based on the data selected from 
various aspects of life. . i 


14.1 Introduction - 

Let us look carefully at the following information: 

Traffic at a busy road crossing in Delhi was studied by the Traffic Police 
on a particular day. The approximate number of vehicles passing 
through the crossing every hour for nine time intervals has been 
recorded in the following table: 


TABLE 14.1 


Number of Vehicles Passing through a Busy Road Crossing in Delhi in 
Different Time Intervals on a Particular Day 


8to 9to 10to Ио 12to 13to 14to 15to  16to 
9 10 11 12 13 14 15 16 17 
Hrs Hrs Hrs Hrs Hrs Hrs’ Hrs Hrs Hts 


Time 
interval 


Number of 
Vehicles 


Such type of information given with the help of numbers is called a 
areca data. To study the details and characteristics of numerica] 
ata pictures are quite helpful. The study of numerical data through 


264 MATHEMATICS 


pictures or graphs is known as the pictorial representation or graph of 


the data. 


There are many methods of representing numerical data pictorially. 
One of the methods is to use picture symbols. Such a representation is 


called a pictograph. 


Let us represent the information given in Table 14.1 through a 


pictograph (Fig. 14.1). 


. 810 9 hrs 


9 1010 hrs 


10 to i1 hrs 


111012 hrs 


12to 13 hrs 


13to14 hrs 


Fig. 14.1: Pictograph of the number of vehicles passing through a busy road crossing 


in Delhi in different time intervals on a particular day 


BAR GRAPHS aes 


This pictograph reveals to an eye a pattern in the vehicular traffic at 
the road crossing. The picture symbol c represent 100 vehicles. But this 
way of representing numerical data is time-consuming and, therefore, 
not very useful. Further, many a time we will have to draw part picture 
symbols which is also a difficult task. Thus, instead of picture symbols, 
it is easy to draw bars (rectangles) representing the given number of 
vehicles as shown in Fig. 14.2. 


кю 
e 
© 
Xe su e 


Number of vehicles 
м N 
‹л en 
o о 


6 to 17 hr 


8to9 hrs 


1 


10 to l1 hrs 


Time intervals ———> 


Jes passing through a road crossing 


Fig. 14.2: Bar graph showing the number of vehic particular day 


in Delhi in different time intervals on 


Such a representation of data with the help of bats in à IRR s 
called a bar graph or a bar chart. The time intervals have been arranged 
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` horizontally and the bars are vertical. The bars can be shaded, hatched 
or coloured. Note that the graph can also be presented by placing the 
time intervals vertically and bars horizontally (Fig. 14.3). Generally, 
vertical bar graphs are preferred. 


Time-intervals ——— —— > 


50 100 150 200 250 300 350 400 450 
Number of vehicles Dems t cm 


Fig. 143 . 


You must have seen similar bar graphs in newspapers, magazines, 
Bovernment reports, advertisements, etc. These are useful in bringing 
out salient features of numerical data. 
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A bar graph is a pictorial representation о, i 
number of bars (rectangles) б: оны E > 
vertically with equal spacing between them. Each rectangle d it 
represents only one value of the numerical data and so there are s 
many bars as the number of values in the numerical data. The height d 
length of a bar indicates on a suitable scale the corresponding value of 
the numerical data. If the bars are drawn on the horizontal line (we may 
call it x-axis), then the scale of heights of the bars or rectangles is shown 
along the vertical line (we may call it y-axis). If the bars are drawn on 
the vertical line, then the scale of heights of the bars is shown along the 


horizontal line. 


14.2 Reading of Bar Graphs | ‹ 
Let us read the bar graph given in Fig. 14.2. We observe the following 


from this bar graph: 

(i) The bar graph s 
through a busy road crossing in 
intervals on a particular day. 

(ii) The time break-up is shown on the horizontal line and the 
number of vehicles is shown along the vertical line choosing 


a suitable scale. 
(iii) The scale is 1 cm equal to 


indicates 50 vehicles. 
(iv) The height of a bar indicates the number of vehicles passing 
through the crossing during the time interval corresponding 


to the bar. 


hows the number of vehicles passing 
Delhi in different time 


50 units which means 1 cm 


14.3 Interpretation of the Bar Graph 
o draw certain conclusions 


After reading a bar graph one must be able to ‹ 

from it. That is what we mean by interpretation of bar graph. Let us 

draw certain conclusions from bar graph of Fig. 14.2. 
(i) What does the bar graph represent? The bar graph 

represents the number of vehicles passing through a 
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particular crossing of Delhi in different time intervals on a 
particular day. 

(ii) When is the hourly traffic maximum? The maximum traffic 
corresponds to the longest bar and occurs between 9 to 10 
hours. The number of vehicles is 400. 

(iii) Similarly, the minimum traffic corresponds to the shortest 
bar and it occurs between 13 to 14 hours. The number of 
vehicles is 100. 

(iv) The total traffic during two peak hours of morning rush for 
schools, offices and business establishments as shown by 
long bars in the morning time is 300 + 400 = 700 vehicles. 
Simiarly, the large bars in the evening at 15 to 16 and 16 to 
17 hours show the peak hours of evening traffic. Thus, we 
observe that bar graphs help in easy comprehension of a 

given data. Conclusions can be drawn at a glance. The 

graphs are more attractive and appealing than the data. 
Now let us consider a few more examples of reading and 
interpreting bar graphs. 


Example 1: Read the bar graph represented in F ig. 14.4 and answer 
the following questions: 
(i) What is the information given by the bar graph? 

(ii) What is the order of the change of number of 
students over several years? 

(ii) In which year is the increase of number of 
students maximum? 

(iv) State whether true or false: 


The enrolment during 1982-83 is twice that of 
1981-1982, 


Solution: The answers to the above questions are: 


(i) The bar graph represents the number of students 


in Class VI of a school during academic years 
1981-82 to 1985-86. 


BAR СКАРН: 
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§ 

5 250 

3 

% 200 ; 


Fig. 14.4: Bar graph of the number of students in Class VIof a school during 
academic years 1981-82 to 1985-86 


Number of 
E = 
e 
об 


әл 
о 


Academic 
years 


1981- 82 
1982-83 
1983.84 
1984-85 
1985-86 


(ii) The number of students is changing in an 
increasing order as the heights of bars are 
increasing. 

The increase in the number of students is 


(iii) 
uniform as the increase in the height of bars is 
uniform. Hence, in this case, the increase is not 
maximum in any of the years. 
(iv) Enrolment in 1982-83 = 200 and enrolment in 
1981-82 = 150 
2004 be 
1501573 3 


Therefore, the statement is false. 
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Example 2: Read the bar graph shown in Fig. 14.5 and answer the 
following questions: 
(i) What is the information given by the bar graph? 
(ii) What are the different numbers of the shoes 
worn by the students? 
(iii) What is the number of students wearing shoe No. 
6? 
(iv) Which shoe number is wom by the maximum 
number of students? Also give its number. 
(v) Which shoe number is. worn by the minimum 
number of students? Also give its number. 
(vi) State whether true or false: 
The number of students wearing shoe No. 10 is 
less than three times the number of students 
wearing shoe No. 9. 


) 


Number of students 


hoe No 


Shoe numbers 


E с с м Ие O 
Fig. 14.5: Bar graph of the number of students wearing shoes of different 
of a total of 3000 selected students aper 
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Solution: The answers to the above questions are: 

(i) The bar graph represents the number of students 
wearing shoes of different numbers out of a total 
of 3000 selected students. 

(ü) The students wear shoes bearing Nos. 4, 5, 6, 7, 
8, 9 and 10. 

(iii) The number of students wearing shoe No. 6 is 
400. 

(iv) Shoe No. 7 is worn by the maximum number of 
students. These students are 725 in number. 

(v) Shoe No. 9 is worn by the minimum number of 
students. These students are 150 in number. 

(vi) The number of students wearing shoe No. 10 = 
375 and the number of students wearing shoe 


No.9 = 150 


375 


5 
2/2 _ = whichis less than 3. 
Therefore, 150 2” 


Therefore, the given statement is ‘true. 


EXERCISE 14.1 


1. Read the bar graph in Fig. 14.6 and answer the following 
prn What is the information given by the bar graph? 
(ii) How many tickets of Assam State Lottery were sold 
by the agent? 
(ш) Of which state, 
sold? x 
(iv) Of which state, were the minim 
sold? 
(v) State whether true OF false: - i i 
The maximum number of tickets sold is three times 
the minimum number of tickets sold. . 


were the maximum number of tickets 


um number of tickets 
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Number of tickets sold 


States 
Se 


Haryana 
Rajasthan 


Fig. 14.6: Bar graph of the tickets of different state lotteries sold by an agent on a day 


2. Read the bar graph in Fig. 14.7 and answer 
questions: | 
(i) What is the information given by the bar graph? 


(ii) What is the number of families having 6 members? 


(ii) How many members per family are there in the 


maximum number of families? Also tell the number of 
such families. 


the following 
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(iv) What are the number of members per family for which 
the number of families are equal? Also tell the number 
of such families. 


Number of families 


Number of members 


BE Ê EF GÊ = : i with different number of members in a 
loc: 
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Fig. 14.8; Bar graph of the number of commercial banks in India du Hip SORS years 


3. Read the bar graph in Fig. 14.8 and answer the following 
questions: 
(i) What is the information given by the bar graph? 
(ii) What was the number of commercial banks in 1977? 
(iii) What is the ratio of the number of commercial banks in 
1969 to that in 1980? 
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(iv) State whether true or false: 
The number of commercial banks in 1983 is less than 
double the number of commercial banks in 1969. 


Read the bar graph in Fig. 14.9 and answer the following 
questions: : 
(i) What is the information given by the bar graph? 
(ii) State whether true or false: 
(a) The number of government companies in 1957 is 
half that of 1983. 
(b) The number of government companies have 
decreased over the years 1957 to 1983. 


Uu 


Number of government companies 


' Fig. 14. 9: Bar graph of the number of government companies in India during some 
f years 
5. Read the bar graph im Fig. 141 
questions: 
(i) What information is given by the bar graph? 


0 and answer the following 
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(iii) State whether true or false: 
The area under the sugarcane crop in the year 
1982-83 is three times that of the year 1950-51. 


Area (іп lakh hectares) 
N 


= - = = 

o © Ds © S æ Years 
o o o o 1 1 —— 
ما‎ o ` © D N 

о о o o E: E 

2 9 2 D 7 m 


1 


Fig. 14.12: Bar graph of the area under the sugarcane crop during different years 
in India 
8. Read the bar graph in Fig. 14.13 and answer the 
questions: 
(i) What information is given by the bar graph? 
(ii) What was the expenditure on health and family 
planning in the year 1982-83? ; 
(iii) In which year is the increase in expenditure maximum 
over the expenditure of the previous year? What is this 
maximum increase? : : 


following 
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Years 


India 


on health and family planning during the 


nditure 
Year Plan in 


Sixth Five 


Fig. 14.13: Bar graph of the expe 


9. Read the bar graph in Fig 14.14 and answer the following 


tre covers maximum area? 


Cen 


Also tell the covered area. 


{уеп by the bar graph? 


What information is 21 


Which Doordarshan 
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(iii) What is the difference between the areas covered by 
the Centres at Delhi and Bombay? 

(iv) Which Doordarshan Centres are in Uttar Pradesh 
State? What are the areas covered by them? 


о t» Бе 
"M Oo о 


Area covered(in thousand sq km) 


Calcutta 
Lucknow 


Doordarshan Centres 


Fig. 14.14: Bar graph showing the coverage of some Doordarshan Centres of India 


Things to Remember 
1б Pictorial representation of the numerical data using 
picture symbols is called the pictograph of the data. 
2. А bar graph or a bar chart is a pictorial 
representation of the numerical data by a number of 
) 1 Tizontally or 
vertically, with equal spacing between them. 


3. Bar graphs help in easy comprehension of the given 
data. 


4. Many conclusions can be drawn from a b 
just having a glance at it. 


bars of uniform width, erected ho 


ar graph by 


Answers 


EXERCISE 1 


1. 504003 2. @ Ninety-nine lakh five thousand fifty-seven 
(ii) Six crore fifty thousand sixty 3. (i) 600000 + 70000 + 5000 
+20+8 (i) 700000 + 30000 + 20 + 1 4. (i) 7478125, 
7419125, 7480125, 7481125, 7482125, 7483125 (ii) 15003216, 
15004216, 15005216, 15006216, 15007216, 15008216, 15009216 
5. (i) 10000005, 10000000,9999995 (ii) 5050404, 5050399, 
5050394, 5050389 6. 499500 7. 89999 
8. (i) < (ü) < (iii) > 9. 700000 10. 4003999 
11. 3000333 < 30030033 < 30303030 < 33003300 
12. 1111010 > 1110202 > 1110011 > 1101011 > 1100111 
13. (i) 336890106 (ii) 0 (ш) 6939380 (iv) 70997766 
(v) 68932400 (vi) 451779 14. Divisible by 2: (ii); 
Divisible by 5: (ii) and (iti) 15. Divisible by 3: (i) and (iii) and 
Divisible by 9: (iii) 16. (i) 7 (ii) 6 
17. (i) 60 (i) 21450 
18. 144 19. 27m72cm 20. (i) 19 (ii) 22 (ш) 24 
А * i E 19» OSS 
21. (i) XIII (ii) XVIII (ш) XXIX 22. 3 bd Sas 5 
QAO бл LS 9 ART eee! 41 
23. Sua Ча E 24. (i) 120 (ii) 6 156 
(iii) 5.3934 (iv) 56.925 25. 6.006 26. 0.11 
27. 1250students 28. Rs1.10 29. 6 hours 5 minutes 
30. (i 0.04 (ii) 04 (ш) 0.75 


31. (i) 32 (ii) (iii) 15 32. 47km per hour 


33. 66m,270sqm 34. 252m, 3969sqm 35. (i) True 
(ii) False (iii) True (v) True (v) False 36. 20 days 
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(ii) 16600 (ii) 291000 (iv) 2790000 (v) 85500 

(vi) 1000000 3. Yes, Yes 

4. Yes 5. No 6. Yes,1 7. Atleast one of the numbers must 
bezero 8. (i) 607920 (ii) 1245616 (iii) 10172486 

(iv) 104023689 9. (i) 75808 (ii) 81984 (ш) 260064 
(iv) 157210 10. (i) 2970 (ii) 5427900 (iii) 819500 

(iv) 156250000 (v) 19225000 (vi) 887000 (vii) 5790 
(viii) 62076 (іх) 461000 (x) 325897 11. 999900 

12. Rs1227500 13. Rs18800 


EXERCISE 3.4 


1. Yes,1 2. No 3. (i) Quotient 134, Remainder 0 

(ii) Quotient 197,Remainder 11 (iii) Quotient 393, Remainder 39 
(iv) Quotient 12, Remainder 645 (v) Quotient 16, Remainder 25 

(vi) Quotient 309, Remainder 145: 

4. (i) 32475 (ii) O (iii) 486 (iv) 693 (v) 0 (vi) 138 
(УШ) 1 (vii) 800 5. 10 6. 35 7. 100050 8. 9960 

9. 718 10. 30trees 11. 32198 persons 12. 17 13. Rs 780 
14. (ii), (iii) and (iv) 


EXERCISE 4.1 

1. (i) 1,2,3,4,5,6, 10, 12, 15, 20, 30,60 (i) 12481 

(Ш) 1,2,4,19,38,76 (v) 1,5,25, 125 D» 02305040 
16, 18, 24, 36,48,72,144 (м) 1,3,9,27, 81,243, 15 ANM 
2. (i) 16, 32, 48, 64, 80 (ii) 17, 34, 51, 68, 85 (iii) 19, 38,57, 76,95 
(iv) 20, 40, 60, 80, 100 (v) 25,50,75,100,125 i 

(vi) 40, 80, 120, 160, 200 3. (ii) and (iii) 4. (i) and (iii) 


0, 
5.() 2,3,5,7, 11, 13, 17, 15,23, 29 (ii) 79,83, 89, 97, 101, 103, 
107, 109, 113; 127, 131, 137, 139, 149, 151, 157. (ii) 163, 167, 173, 
179, 181, 191, 193,197,199 6. Only one, 2 7. (i), (iii) and 
(v) 8. Yes,9 9. 90,91, 92,93, 94,95,96 10. Composite 
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11. 13,759 12. (i) N o (ii) Four;4,9,25,49 13. 28 
14. 101, 103; 107, 109; 137, 139. 15. (i) 3+ 29(ii) 3 + 37 
(ii) 3+53 (iv) 7+73 (м) 7+89 (vi) 3+97 


EXERCISE 4.2 


1. Divisible by 2 : (i), (ii), (iii), (iv) and (у); Divisible by 3 : (i), (ii), (iii), 
(v) and (vi); Divisible by 5: (iii) and (iv); Divisible by 9: (i) and (iii) 

Divisible by 4: (i), (iii), (iv), (v) (vi УА (i) and (iii) 

(ii) and (iii) 4. (1), (i), (at iii), (v) and (vi) 

(i) 11, Yes (ii) 13, No (iii) 1 13, Yes 6. (ii 


шө 


EXERCISE 4.3 


1. (i) 2х2х2х2х3 (i) 2x17 (iii) 2 × 7 ×7 

(iv) 2х2х2х3х3х3 (у) 3х5х5х7 

(vi) 2х2х3х3х 13 (vii) 3х3х7х7 

(мій 2х2х3х3х3х5 (іх) 2х2х2х3х3х5х5х 5 
(х) Бэз хо ДИИ (х) 3x 5x 11 x 13 
(xii) 5 x 5 x 293 

(i) 5 e nusibér ett 3, 100001999 x oT 
4. 9999,3 x 3 × 11 X 101 5. 7, 13, 19; Difference between them is6. 


EXERCISE 4.4 


{ @ 18 (i) 9 (i) 1 @) 225 V 13 (vi) 10 


(vii) 12 (vii) 53 (x) 1 (x) 625 \ 
2. (i) 150. (i) 13 (iii) 36 (iv) 55 (v) 58 (vi) 741 
3. 65583,65637 4. 1 5. (0 32. (ii) 1g №) 55 


7. 1701 8. 17 9. 75cm 10. 5460 stones 
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EXERCISE 4.5 


1. (i) 240 (ii) 1386 (iii) 180 (iv) 90 (v) 3465 (vi) 90 
(vii) 5760 (viii) 18480 (ix) 1620 (x) 6384 3. (i) 4095 

(ii) 945 4. 400 5. No 6. 221 7. No, because H.C.F. must 
also be a factor of L.C.M. 8. 288 books 9. 3300m 

10. 607 11. 20 days 12. 122 m 40 cm 13. 10080, 9660 14. 10080 


EXERCISE 5.1 


(i) Decrease in population (ii) Withdrawing money from bank 
(iii) Spending money (iv) Goingwest (v) —12 (vi) +2 


2. (i) +3 (ii) —5. (ii) -25 (iv) 100 

ЗШ) 2 (ш) O (iv) 8 

(а (у SS} [иу к=з Чї = 

5. (i) —8 (ii) —12 (ii) 15 (iv) —356 

6. (i) —4, —3, —2, —1, 0, 1 (ii) 1,2, 3 (iii) — 3, —2, O12 3 

N) SOS aT ky Tou) шуан) < 

(iv) < (v) < (vi) > 8. (i) 17 (ii) 23 (ii) 0 (iv) 107 (у) 245 
(vi) 1024 (vii) x—2 (уш) 2-х 9. (ii) and (iv) 


EXERCISE 5.2 


2. (i) —134 (ii) 2564 (iii) 9999 (iv) —98645(у) 
(vi) —5894 (vii) 2004 (vii) 0 (ix) -1 (х) —5832 

(xi) —1100 (xi) 4690 3. (i) 0 (ii) 500 (iii) 600 (iv) -481 
(v) 2900 (vi) 1 4. (i) -2 (ii) 13 5. (i) 


— 818 


EXERCISE 5.3 


1. (i) 11 (ii) —14 (ій) 25 (iv) 100 (v) -900 (м) -9 
(vii) 3938 (viii) -8656 (ix) —122 (x) 155 (xi) —1005 
(xii) —42920 2. 12,-12,No 3. (i) < (ii) > (ш) > 


4 
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4. (i) 6 (ii) —19 (ui) 0 (iv) .16 (у) —140 (vi 151 


5, 72 6. -460 7. (i —4 (ii) 10 (iii) —2 (v) 0 
(v) 100 Ў —105 (vii) 6 (viii) 8 8. —1 9. (i) 1 
(ii) 1 (iii) — 9 (iv) 13 10. (ii), (iii) and (iv) 11. — 10 12. (i) 2 (ii) 0 
| EXERCISE 5.4 | 
1. (i) -30  — (i) —1800 (ш) 340 (iv) —120 
.(v) 162 (vi) —1728 (vii) 360 (viii) 0 
(x) 13320 (х) 24750 (х) -120 (кй) 1944 
| Second Number 
2% х = 0 1 2 3 4 


First Number 


Ite Па 1 1 
دن ج‎ мон س ن‎ моо چ‎ 
coooocooooo 


Y trical about the diagonal. 
Aci aper 887000 (iii) 18300 —— (iv) 1894600 
(у) 1562500 (vi) —480 4. (i) Positive (ii) дее. 
5. (i) 40 : (ii) —46 (ii) 0 6. (i) First 
(i) First (iii) First 7. (i) 

EXERCISE 5.5 | 
И" (ii) —6 (iii) 6 v) -4 
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(c3 (vi) 0 (vi) —144 (vii) 125 
(ix) 9 (x) —10569 (хі) ~2000 (xii) —1 
2. (i) 1 (i) —3785 (%) 0 (v) —3065 
(v) —312 (vi) —567 : 
V EXERCISE 5.6 


1. (i) 29 (ii) 110 (ш) 0 (iv) O (v) O (м) 3 (vi) -3 
(уш) 0 (ix) 26 (x) 2 (xi) 36 (xii) —20 2. (i) 5 x (2 + 3) 
(ii) 12 —(1:3) (iii) 20 +(7— 2) (iv) (2x3)- 8 

(v + {1 + (9 + 10)} (vi) 2х {(19-6)-1} 3. (i) 29 


(ii) 0 (ш) 11 (v) 87 (v) 119 (vi) 71 (vii) 0 (vii) 109 
(x) —218 (x) 15 


oso 


EXERCISE 5.7 
1.(i) 5,7 (i) -2,3 (ii) 1,1 (v) -6,1 (у) -27,2 
(ш) 1 (iv) 1 (v) 256 (vi) 72 (vii) 256 (vii) 16 
(ix) 


—64 (x) 432 (xi) -100 (xii) 576 

4. 1, 4,9, 16, 25, 36, 49, 64, 81, 100. The digits 2, 3, 7, 8 do not occur in 
unit's place. 5. 1, 8, 27, 64, 125, 216, 343, 512,729, 1000 6. (i) 400 
(ii) 10000 (iii) 40000 (iv) 4900 (v) 22500 

(vi) 1000000 7.(). —1728 (ii) -2197 (ii) -3375 (iv) 1331 
(v) 1000000 (vi) 1000000000 9.(ii) (ii) (iv) and (v) 


EXERCISE 6.1 


1.(i) = 2nd = diameter, r = radius (ii) A = 1x b; A = 
1 = length; b = breadth; (iii) s = c + p;s = selling price; 
с = cost price, p= profit 2./i) 6 +x (ii) y +3 
+ 4- 
x dy). * У (y) 7-y (vi) x-7 (vi) 5-2 
3 2 y 


Area, 


“abo yoy 
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EXERCISE 6.2 
1. a (ii) 17x3y3 (iii) y?" (iv) 7a°b’c 
2: (i) a xa x bx DX (DX Des DONUM Sz ZZ 
(ii) 9 xa Xb Xb XD (vO XZ хх к X SY XY YX ZZ чш 
2 


EXERCISE 6.3 


1. (i) 3х5, 5у*, — 7x*y,7 (Ш) 9y°, — 22°, 7х?у, — 3xyz (iii) a5, —3ab, 
—b2,6 2. Monomials: (ii), (vi) and (viii); Binomials: (i) and (v); 
Trinomials: (iii) and (iv) 

3З.) 3 (ii) —4a (iii) Sy? (iv) yz 4. 1,-7,5,-2 5. х2,х 
andx? 6. (i) x?, 2x’ (ii) yo (Ш) —2x’y, ух? (v) cab’, 
bac, abc, acb? 7. (i) 14 (ii) 39 (iii) 27 (iv) 76 (v) 23 (vi) —1 


EXERCISE 6.4 


1. (i) -4x (ii) -—xly (iii) 4xyz 2.(i) 8a° (i) —18ab 

(iii) — 3x? (iv) — 8x?y (v) 7x? (vi) — 32% = 9a° 3. (i) 2a + 3b + 2с 

(ii) 3x + 2y + 2z (ш) 3х2+4у2+3 (iv) 0 (v) За? +b? 

4. (i) — 2х2 — 3y? + 2 (ii) —5ху + 3yz — 3zx 5. (i) — 3a + 4b = 2 
(ii) 6x? — y + 4z + 7 (iii) 6a — 3b — с 44 6. 207s irs 14 
7,-a2+2ab 8. —-11x + y = 5z - 7 

9. 5a2 + 3b? — Jab + 6 – a 


EXERCISE 6.5 
1. (i) 4ab (ii) 3a — 7b — 7 (iii) —3X — ay? - 4 (v) 32+ 


3xy — 3yz + 72 (у) —2п (vi) а + а? + 3Ь – 2c 
(ix) ху + 2х2 — 


(vii) 104х + 44 (vii) — 12x? + 5x? + 19x - 4 
Зу (x) 14+ 7x ty — 3x? 2. (i) oa + 5xy — 7х2 ol - Sy 6) 
(ia) =y + z + x? — (y2 + а?) (їй) xd poe a 


iv) эу = yz? x2) 
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EXERCISE 7.1 


1.() EAS. x = 2,R.HS.2 (ii) LHS. 2 y, R.H.S: 9 — y 
(ш) L.H.S. 2p,RHS.6 (iv) LHS.2x+y,RHS.7+ z 
210) Оу > 3 = 17- (ii) 15 - 2y = 7 (ii) у=у+6 


2 
(iv) zy] (у) 2y + 6 = 30 (vi) x) 7 10 


EXERCISE 7.2 
(i) 35 (iii) 6 (iv) 6 (v) —4 (vi) 12 (ун) 72 


EXERCISE 7.3 


7 
13. 175 14. 3 15. 1 16. 0 


EXERCISE 7.4 


1. 4 2. 3 3. 36 4. 14years,42 years 
6. Boys 604, Girls 656 7. 250 8, 5 years 
9. Men:12,Women:36 10. 5,25 °11, Babita is 6 years, 
Anjaliis 10 years 12. Length 100 metres, Width 50 metres 

13. 26,27 14. 42,44 15, Rice 9 kg, Wheat 27 kg 16. ap.375 


5. 7 metres 


EXERCISE 8.1 


— 


| 
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4.(i) 1:8 (ii) 8:1 5.(i 4:5 (ii) 4:9 6. (1) 37:191 
ii) 191:154 (iii) 37:154 7.(i) 2:35 (ii) 40:1 (iii) 1:240. 
1 


( 
(iv) 3:5 (v) 40:1 (м) 5:1 8.() 7:11 (i) 7:18 
(iii) 1 | 


8:11 9. 2:15 10. 3:350 


_ EXERCISE 8.2 


1. (i) True (ii) True (iii) False (iv). True (v) True 

25 А x im 1195230 
2. ( (iv), (v) 3. 7 4.8) 30 (ii) 2 (ш) 30 (iv) == 
5. 9:150 = 105:1750,9:105 = 150: 1750, 105:9 = 1750: 150, 
150:9 = 1750:105 6. (i) 45:24 = 30:16,30:45 = 16: 24, 
24:45 = 16:30 (ii) 12:14 = 18:21,18:12 = 21: 14,14:12 = 21:18 
7. 100metres 8. Rs 80 9. 675 10. 12. 6kg 11. 49 


12. Rs200 13. 4km 

EXERCISE 8.3 
1. Rs240 2. Rs910 3. 845kg 4. (i) 8hours (ii) 357.5 km 
5. 10000chairs 6. 3hours 7. qe hectares 8. 100 


28 
9. (i) 10kg (ii) 48 10. Rs397.50 11. Rs5.40,300 


EXERCISE 9.1 


1. (i) 9:50 (ii) 1:8 (ii) 7:5 (v) 1:16 (v) 1:50 


DM. 1 ч 
(vi) 3:1000 2. (i) $ (ii) 2. (iii) = (iv) 400 35900825 
£ m | i) .07 4. (i) 25% 
(ii) 0.75 (ili) 0.015 (iv) 1.288 (v) .006 (vi).074.. 
(ii) 712% (iii) 37.5% (iv) 525% (у) rae 


- 2 lo, . Gita 
(vi) 24596 (vii) 4596 (viii) 1640% (ix) 1875 % 5 1 


42 
6. (i) 300 (ii) 4litres (ii) 24kg (iv) Rs 81 алаи vi) 
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7. (i)25% (ü) 62% (ii i) 120% (iv) 40% (v) 30% (vi) 40% 
2 
8. 28845 9. is 10. 714000000 Il. 665% 12. 40% 


13. 32% 14. 125% 15. 288 16. 484 17. 12% 
5 1 
= . =% 

18. 857 % 19 335 


EXERCISE 9.2 


1. (i) Profit = Rs 80 (ii) SP. =Rs428 (ш) СР. = Rs 9900 

(iv) Loss = Rs30 2.(i) SP. = Rs 540; Profit % = 20 

(ii) S.P. = Rs 3038; Loss% = 2 (iii) Profit = Rs 6000; Profit % = 20 
(iv) S.P. = Rs 972; Profit = Rs 72 (у) SP. = Rs 235; 

Loss = Rs 15 3. 35% profit 4. Rs 3.60 5. Rs 4140 6. Rs 2350 


7. Rs 80.50 8. Rs 1450 9. 46% gain 10. ic % loss 
11. 40 paise 


EXERCISE 9.3 


1.(i) Rs 180 (ii) Rs700 (iii) Rs 60, Rs 260 (iv) Rs 210, Rs 
810 2. Rs1050 3. Rs12060 4. Rs1920 5. Rs83. 20, Rs 
603.20 6. Rs.28.80 7. Rs572 8. Rs40 


EXERCISE 10.1 


4. Line AB, Line m, Line PQ 7. Unlimited number of lines 
п One line 9. No 10. Three lines 

1. (i) Collinear (ii) Non-collinear (iii) Collinear (iv) Non-collinear 
A (i) Lm;m,n; hn (ii) l, p; m, p; n, p; дт; m, r; n, r; p, r; 4 q; 
т,ф;п,а;фр;фг (й) mp (iv) lr (у) mr (vi) lq — 


ee 
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(vi) G, A, B, C; D, E, J, F; G, H, I, J, K; A, H, D; B, I, E; C, F, K 

14. One 15. n, q, l; point of concurrence A.q, m, p; point of 
concurrence В. 16. (1) Six lines (ii) Lines AB, BC, CD, AD, BD, 
AC (ii) Lines AC, AB, AD 17. Three, Zero 

18. Six, Zero 19. Concurrent 20. No, No 21. (i)F (ii) T (ii) F 
(iv) F (v) F (vi) F (vii) F (viii) F (ix) T (x) T (xi) F A 


EXERCISE 11.1 


1. (i) Line-segments AB, BC, AC; three (ii) Line-segments AB, AD, 
BD, DC, BC, AC; six (ii) Line-segments AB, BC, AC, AD, DC, BD, 
BE, DE; eight (iv) Line-segments AC, AB, BC, DE, EF, DF; six 
(v) Line-segments PS, SR, RQ, PQ, PR, PO, OR, SQ, SO, OO; ten 


EXERCISE 11.2 


2. (i) 1400cm (ii) 706cm (iii) 506 cm 

(iv) 580cm (v) 106.7 cm (vi) 70cm (vii) 9cm (viii) 8.3cm (ix)267 cm 
3. (i 70mm (ii) 45mm (ii) 8630mm 4. 2.7cm 

7. (i) BC = 45cm,BD = 14cm (ii) РО = 4.7cm, OR = 1.3 cm 
8.(i) No (ii) Yes 13. 7.3cm 


EXERCISE 12.1 


-poirit and a line has none. 
1. Aray has one end PO BO BAO: ВС, СР, СО, CA, CB 


3. (i) Rays AP, AQ, AB, 4 BCD 
(ii) No (iii) Yes (iv) Yes (v) No5. te AR ee 
ZADC, ZBAD 6. Eight; ZADC, ZCAD, Z AC MOT , ; 
2 ACB, Z BAD, ZBCD; two 7. (i) J, € (ii) B, D (iii) D BOC OI 
8. Vertex М; arms MLand MP 9. (i) ZBOD or Wc Mar 
ZCOB (iii) ZAOCor ZCOA (iv) ZAOD or Z : 


(ii) Yes (iii) Yes (iv) Yes (v) No 
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1. (i) Z1 (ii) Za (ii) ZABC (iv) Z3 (v)" ZAOB 

2.(a) (ii),(v) (b) Yes(c) No (d) Yes (e) No (f) No 

5. Acuteangle 6. (i) North (ii) West (iii) South (iv) East 
7. (i) South-West (ii) North-East 8.(i) Obtuse (ii) Acute (iii) Obtuse 
(iv) Zero (v) Acute (vi) Straight (vii) Acute (viii) Acute (ix) Right 
(x) Obtuse (xi) Obtuse (xii) Complete 9.(i) Straight angle 
(ii) Rightangle (iii) Acuteangle (iv) Obtuseangle 10.(i) Acute 

(ii) Obtuse (iii) Straight (iv) Right (v) Complete 


EXERCISE 12.3 


1. ZDOC, ZCOB; ZCOB, ZBOA; ZDOB, ZAOB; ZDOC, 
ZAOC 2.(i) Yes (ii) Yes (їй) No (iv) No 3. (0) 8971159740 * 
2% АВИ АЗА AR ZS AS AG ET 27 А 25). 
АШ LZ LD 73: P775. 47; 26, 48 

4. No 5. (i) 110° (ii) 45° (iii) 130° (iv) 60° (v) 90° 

6. (i) 35° (ii) 17° (iii) 45° (iv) 50° (у) 60° 7. (i) Complementary 
(ii) Supplementary (ii) Complementary 

(iv) Complementary (v) Supplementary 


(vi) Supplementary (уй) Complementary 8. Right angle 
9. Angle of 45° 10. Obtuse 11. Acute 


12. Rightangle 13. (i) No (i) Yes (iii) No 14. No 
15. Less than 45° 16. (i) Yes (ii) No (iii) Yes 17. (i) Yes 
(ii) Yes 18. (i T (ii) T (ii) Е (iv) Е (v) Б (му T 


EXERCISE 12.4 
-(i) 60° (ii) 150° 4. Yes, Yes 7.(i) Za (ii) <1 (iii) 


1 
8.(i) Obtuse (ii) Acute (iii) Right (iv) Right (v) Obtuse 
(vi) Acute 9. Pairof angles in (iii) are equal 


<q 


ANSWERS 29538 


EXERCISE 12.6 


1.(i) One (ii) One 3. (i) Not perpendicular (x) Perpendicular 
(iii) Perpendicular 


EXERCISE 13.1 


1. (i) DE | BC (ii) AB | CD, AD | BC (ii) PO || TS, UP || SR, 
UT|QR (iv) AC || FE, BC || FD, AB || DE 

3. AB is not parallel to CD because AB and CD intersect each other 
when extended. ; 


EXERCISE 13.2 


(i) Alternate angles: Z BGH and Z CHG; Z AGH and ZDHG 

| Corresponding angles: Z EGB апа Z GHD; Z EGA and Z GHC; 

| ZBGH and < DHF, Z AGH апа Z CHF (ii) Ze, 4с, Zb, Za 
(iii) ХОБА, ZBRA, ZBRA (iv) Interior angles: d, <f; Za, 
Ze; Exterior angles: Zc, Zg; Zb, Zh 


EXERCISE 13.3 


= 60° 120°, 

1. ZOMD = 120°, ZPLB = 60°, ZALM = 60 ZMLB = 
DML = 60°, ZCML = 120°, ZALP = 12 E 

4 2. ZALM = 35°, ZPLA = 145° 3. (i) 45° ш | 


EXERCISE 13.4 


a EL s 


3. Two 
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EXERCISE 14.1 


(i) Number of tickets of different state lotteries sold by an agent 
onaday (ii) 40 (iii) Haryana (iv) Rajasthan (v) False 

(i) Number of families with different number of members in a 
locality (ii) 50 (iii) 3,120 (iv) 9and 10,5 

(i) Number of commercial banks in India during some 
years (ii) 130 (ш) 3:5 (iv) False 

(i) Number of government companies: in India during some 
years (ii)(a) False (b) False 

(i) Industrial production of cement in different years in 
India (ii) 186 lakh tonnes (iii Minimum: 30 lakh tonnes, 
1950-51; Maximum: 232 lakh tonnes, 1982-83 

(i) Production of rice crop in India in different years (ii) 42.5 
lakh tonnes (iii) 33 lakh tonnes 

(i) Areas under the sugarcane crop during different years in India 
(ii) Maximum: 1982-83; Minimum: 1950-51 (iii) False 

(i) Expenditure on health and family planning during the Sixth 
Five Year Plan in India (ii) Rs 700 crores (approx.) (iii) 1984-85, Rs 
200 crores 

(i) Coverage of some Doordarshan Centres of India 


(ii) Calcutta, 36000 sq km (iii) 14000 sq km (iv) Kanpur, 
Lucknow; 32000 sq km, 25000 sq km 
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